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Part I

The Real-Quaternionic Indicator of Irreducible Self-Conjugate Representations of

Real Reductive Algebraic Groups



Chapter 1: Introduction

The notion of the Real-Quaternionic indicator was introduced by Iwahori in [2].
He used it as a tool for finding all real irreducible representations of a real Lie algebra
go- The simple elegance of this indicator as well as its application to quantum
physics motivated many mathematicians to study how to compute it. For instance,
see [3], [1], [4], [5], etc. However, a simple formula for this indicator is still missing.

In this thesis, we establish a simple relation between the Real-Quaternionic
indicator and the Frobenius-Schur indicator. For finite dimensional representations
of real reductive Lie groups, this relation gives a formula for the Real-Quaternionic
indicator through a well-known formula for the Frobenius-Schur indicator.

The motivational proof for the main results in this thesis will be given in
Chapter 3 under the assumption that 7 is unitary.

The cases of finite-dimensional (g, K')-module and infinite-dimensional (g, K)-
module will be treated separately. The reason for this is that the c-invariant Her-
mitian form behaves differently under the two assumptions. For example, the c-
invariant Hermitian form exists and is positive-definite for all finite-dimensional
(g, K)-modules but this is not true for infinite-dimensional (g, K)-modules.

The relation between d-indicator and e-indicator for finite-dimensional (g, K)-



modules is given in Theorem 4.4.2 and Theorem 4.5.5. The main results for infinite-

dimensional (g, K')-modules are Theorem 5.2.5, Theorem 5.2.9, and Theorem 5.2.14.

Chapter 2: Preliminaries

Let G be a real reductive algebraic group (Definition 2.4.4). The real Lie

algebra of GG is denoted gy and its complexification g is

g=go®rC

Fix once and for all a choice of maximal compact subgroup of GG, and let it be

denoted K. The complexification of K is denoted K (C) (Definition 2.3.1).

Definition 2.0.1 (Definition 0.3.8 [6]). A (g, K)-module is a pair (7, V) with V" a

complex vector space and 7w a map

m:gUK — End(V)

satisfying

1. 7|y is a complex linear Lie algebra representation, and 7|k is a group repre-

sentation;

2. every vector v € V' is K-finite, i.e. dim(r(k)v) < oo

3. the differential of the action of K is equal to the restriction to £y of the action

of g;



4. k(X -v) = (Ad(kK)X) - (k-v), VkeK XeguveV

A (g, K)-module V is called admissible if all K-types are of finite multiplicity.
A morphism of (g, K)-modules is a linear map intertwining both the action of
K and of g.

Similarly, we can define (go, K')-modules

Definition 2.0.2 (Definition 2.10 [7]). An (go, K)-module is a complex vector space
V' that is at the same time a representation of K and of the real Lie algebra g,

subject to the conditions in Definition 2.0.1 with g replaced by go.

Remark 1. A (go, K)-module (7, V) is naturally a (g, K)-module, with the action

of g on V defined as:

(X®z)-v=zX" v VX € go

Definition 2.0.3 (Definition 8.5.1 [6]). If (7, V) is a (g, K')-module, set

VY ={f:V = Cldim{(z"(K)f) <oo }

here 7Y (k) acts by the algebraic dual representation,

(m (k) f)(v) = f(z(k~)v) Yk €K

and

(7, VV) is called the dual module.



The module (7¥, V") is indeed a (g, K )-module, see Lemma 8.5.2 in [6]. More-
over,

(V) = (7, V)

canonically.

2.1 Defining The Frobenius-Schur Indicator

Definition 2.1.1 (Frobenius-Schur indicator). Let (7, V) be an irreducible self-dual
(g, K)-module. There exists an invariant bilinear form B on V. The Frobenius-Schur

indicator € is defined to be:

1 B is symmetric
e(m) =

—1 B is skew-symmetric

We say ¢(m) = 0 if 7 is not self-dual.

Remark 2. 7 self-dual implies the existence of a bilinear form B. Let ¢ : (7,V) —

(7, VV) be any isomorphism. Define B : V x V — C to be:

It is easy to see that B is bilinear and invariant under the actions of g and K.
And because 7 is irreducible, B is unique up to a complex multiple. We call the
representations with Frobenius-Schur indicator 1 orthogonal; and those with e = —1

symplectic.

We will show that B is either symmetric or skew-symmetric. An important
tool is Schur’s lemma for (g, K)-modules.
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Theorem 2.1.1. Any irreducible representation (w,V') of G is admissible (Defini-

tion 2.0.1).

Lemma 2.1.2 (Schur’s Lemma for (g, K') modules). Suppose (7, V') is an irreducible
complex (g, K) module, and ¢ : V — V is a (g, K) module isomorphism. Then there

is a constant A € C such that p(v) = Av for allv € V.

Proof. Let W be a d-isotypic subspace in V', § € K. By assumption of irreducibility
hence admissibility (Theorem 2.1.1), W is finite dimensional. Because ¢ is a (g, K)
invariant map, ¢ preserves W. Meaning that we can find a eigenvalue of ¢ on W.

Let A\ be that eigenvalue and w be a eigenvector of A. Define:
Wy ={v € V]p(v) = \v}

It is clear that this space is a (g, K') invariant subspace of V. The irreducibility of
V implies that Wy = 0 or W), = V. Because of the existence of w, W, is forced to

be V. O

The isomorphism ¢ induces ¢¥ : (7¥V, VVV) — (7¥, V"), where )V (F) = Fot.
Let ¢ : V' — VY be the canonical isomorphism taking v to F, where F,(f) = f(v).
Composing ¢" with ¢, we obtain another isomorphism £(v) = ¢V o : (7,V) —
(¥, VV). By Schur’s lemma, £(1)) = ¢ for some ¢ € C*. Next we show ¢ = +1.

A brief calculation proves that £(£(1)) = -



Since all maps involved here are linear, it’s not hard to see that £(cy)) = c£(v).
Therefore the equation above gives: ¢* = 1, which implies ¢ = 1. Using this
fact, we now prove B(w,v) = £B(v,w) Yv,w € V.

EW) () (w) = [ o v(v)](w) = [*(F)](w) = [F, o Y] (w) = Y (w)(v) = B(w,v)

Therefore B(w,v) = c¢B(v,w), i.e., B(w,v) = £B(v, w).

2.2 Defining The Real-Quaternionic Indicator

To define the Real-Quaternionic indicator, we consider a self-conjugate (go, K )-

module (7, V). First, we define the conjugate representation:

Definition 2.2.1 (Conjugate representation). Let 7 : C — C be a complex conju-
gation and set:

V=C&c,V
The (go, K )-module action on V is as follows:
T(X)(z®v) =2 (7n(X)v) VX € go,veV,zeC
T(k)(z®@v) =2 (r(k)v) Vke K,veV,zeC
The (go, K)-module (7, V) is the conjugate representation of (m,V).

Another way to define the conjugate representation is the dual of the Hermitian

dual.

Definition 2.2.2 (Hermitian dual). If (7, V) is a (go, K )-module, set

Vh={n:V = Clg(u+v) =€) +§(v), €(2v) = Z€(v), dim(r" (K)¢) < oo}

7



here 7" acts as follows:

We say (7", V") is the Hermitian Dual of (m,V)

Remark 3. There is a version of “Hermitian dual” for (g, K)-modules. It’s called

the o-Hermitian dual, see Definition 4.2.2 with the action of K (C) restricted to K.

Lemma 2.2.1 (Alternative definition for conjugate representation). Let (m, V) be
a (go, K)-module. We can define the conjugate representation of 7 to be (7, V) :=

([="]", [V*T).

Remark 4. The two definitions of conjugate representation are equivalent, essentially
because VYV = V. Notice that this may not be true for the algebraic dual V* instead

of V'V if V is infinite-dimensional.

Lemma 2.2.2. Any two of the three operations: dual, Hermitian dual, and conju-

gation, compose into the third. Le.:

@ V) = (=", V") = (I="]", [V"]")

Definition 2.2.3. Let (m, V') be an irreducible (go, K)-module. We say 7 is self-

conjugate if m = 7.



Definition 2.2.4 (Real-Quaternionic indicator). Let (7, V') be an irreducible self-
conjugate (go, K)-module. There exists a non-zero (go, K) equivariant conjugate
linear map J : V — V. For such a map, there exists ¢ € R* such that J%(v) = cv

Vv € V. The Real-Quaternionic indicator ¢ is defined to be:

d(m) = sgn(c)
We say §(m) = 0 if 7 is not self-conjugate.

We will prove that this definition is valid. The argument is similar to what we
did for the Frobenius-Schur indicator.
Let ¢ : (m,V) — (7, V) be an isomorphism, ¢ : V. — V be 1(v) = 1 ® v.

Consequently ¢t : V — Vis 1™}z ®v) = Zv. Let
J=1lop: V=V

It is easy to see that J is (go, K) equivariant and conjugate linear. Therefore, J>
is (go, K) equivariant and linear. By Schur’s lemma, J?%(v) = cv for some ¢ € C*
and for all v € V. Now we prove that ¢ € R*:
T*(v) = T(T*(v)) = T(cv) = eT (v)
=TT () = cT (v)

Moreover, any map which satisfies the same conditions that J does is a complex
multiple of 7, also (27)% = |2|J? for all z € C. Thus conclude that the definition
is valid.

We are going to present an alternative definition, which is also the motivational
definition for the name Real-Quaternionic indicator. We first define what it means
for a (go, K')-module (7, V) to be of real/quaternionic type.
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Definition 2.2.5. Let (7, V') be an irreducible self-conjugate (go, K )-module. We
say (m, V) is of real type if there exists an irreducible (go, K)-module (7o, W) with
W a real vector space such that 7 = my ®g C; we say (m, V') is of quaternionic type
if there is an irreducible (go, K)-module (p,U) over H such that 7 = Resgp (here

Res denote the restriction of scalars).

The notation my ®g C is interpreted as follows:

V=WerC, m(x) =m(x) ® 1

Definition 2.2.6 (Alternative definition for dé-indicator). Let (m, V) be an irre-
ducible self-conjugate (go, K)-module. We define the Real-Quaternionic indicator
o(m) as:

1 7 is of real type
o(m) =

—1 7 is of quaternionic type
Claim 1. The above two definitions for the Real-Quaternionic indicator are equiva-

lent.

Proof. First, we claim that 7 is of real type if and only if there exists a non-zero
(g0, K) equivariant conjugate linear map J : V' — V such that J? = ¢ for some
c € R0,

To prove this claim, suppose 7 is of real type. Then there exists a real irre-
ducible (go, K)-module (mg, W) such that (7,V) = (my, W ®g C). Define the map
J V=V to be:

JwRz2)=w®z

10



By definition, one can quickly deduce that J is conjugate linear, (go, K) equivariant
and J2 = 1.
Conversely, suppose there exists a non-zero (go, /') equivariant conjugate linear

map J : V — V such that J? = ¢ for some ¢ € R>?. Take the eigenspace of /c:
W = {v e V|J(v) = Vev}

W is clearly an R vector space and invariant under 7. We denote the restriction of
mon W to be (my, W). This is an irreducible real (g, K)-module and 7 = 7y ®g C.
Thus conclude the claim we made in the beginning of this proof is true.

The fact that 7 is of quaternionic type if and only if there exists a non-zero
(g0, K) invariant conjugate linear map J : V — V such that J? = ¢ for some
¢ € R<Y follows from this claim and the implicit fact that if an irreducible complex
(go, K)-module is self-conjugate it can either be of real type or of quaternionic

type. 0

2.3 Complexifications

The main tool we will be using requires the interaction between different real
forms (which will be defined in Section 2.4). Therefore it is important to define the

complexifications.

Definition 2.3.1 (Complexification of compact Lie groups). [7, P14-15] Define
R(K,C) to be the algebra generated by matrix coefficients of finite-dimensional
irreducible representations of K. Define K(C) to be the set of all C-algebra ho-
momorphisms: R(K,C) — C. We call this algebraic group the complezification of

11



K.

Definition 2.3.2. Let (7, V') be a representation of K. After picking a basis of V,
we can write 1t as:

ko (m5(k))

Define the representation (7(C), V') of K(C) as
m(C) : s — (s(mi;))

It is clear that the following diagram commutes:

K%K

\/

GL(n,C)

Definition 2.3.3. [7, Corollary 2.18| Let (7, V') be a (g, K') module. We can extend
mto a (g, K(C))-module, we call it (7(C), V'), with actions of K (C) defined as above.

The compatibility conditions are the same as in Definition 2.0.1.
Theorem 2.3.1. [7, P15-10]

1. The construction of complexification is a covariant functor on compact Lie

groups.

2. Fvery locally finite continuous representation m of K extends uniquely to an
algebraic representation w(C) of K(C) on the same space; and every algebraic

representation of K(C) restricts to a locally finite continuous representation

of K.

12



3. This extension defines an equivalence of categories from (go, K)-modules to

(g9, K)-modules (Remark 1) and from (g, K)-modules to (g, K(C))-modules.

2.4 Real Forms

We can complexify a real algebraic group and obtain a complex algebraic
group. On the other hand, complex Lie groups have real forms. In this section, we
will define the concept of real form and some related notions. We follow [7] closely

here.

Definition 2.4.1 (Complex Connected Reductive Algebraic Groups). [7, Section
3] We say G(C) is a complex connected reductive algebraic group if G(C) satisfies

the following;:

1. it is a subgroup of the group of n x n invertible matrices, specified as the zero
locus of a collection of polynomial equations in the matrix entries and the

inverse of the determinant

2. it has no nontrivial normal subgroup consisting of unipotent matrices, and

3. it is connected as a Lie group

Remark 5. The second criteria is equivalent to

2" After appropriate change of basis in C", the group G(C) is preserved by

(inverse conjugate transpose) of GL(n,C).

13



Definition 2.4.2 (Real Forms). A real form of a complex Lie group G(C) is an

anti-holomorphic Lie group automorphism o of order 2:

o:G(C)— G(C) o? =1d

Remark 6. The differential do of o at identity is a real form of g. By abuse of

notation, we will say o is a real form of g.

Definition 2.4.3. Given a real form o, the group of real points is

G = G(R,0) = G(C)

Definition 2.4.4. A real reductive algebraic group G (which we will call “real group”

for short) is the group of real points of a complex connected reductive algebraic

group.
Remark 7. Take o. : G(C) = G(C) to be o.(g) = (¢*)~" after appropriate change
of basis. It is a real form, so it defines a real group

G(R,0,) = G(C) N U(n)

Since G(C) is Zariski closed in GL(n,C) then G(R) is closed in U(n) therefore it is

compact.

Definition 2.4.5. This real form is called the compact real form of G(C) and it’s

unique up to conjugation by an inner automorphism of G(C).

The real group G we fixed from the very beginning has a real form, we denote

it as 0¢. By Definition 2.4 G = G(R,0¢) = G(C)?. It is well known that there

14



exists a compact real form o, such that

09 © 0= 0.000

this compact real form is unique up to conjugacy by G = G(C)°.

Definition 2.4.6 (Cartan involution). The composition of the two real forms men-
tioned above

0 := oy 00, (2.1)

6 is an algebraic involution of G(C), and is called a Cartan involution for the real
form oy. The group K = G is a maximal compact subgroup of G and its complex-

ification is a reductive algebraic group K (C) = G(C)".

Chapter 3: Unitary Representations

Unitary representations play an important role in this paper. Many results

and proofs are generalizations of those of unitary representations.

Theorem 3.0.1. Let (m,V) be an irreducible unitary representation of G; then

Proof. First, we note that if 7 is Hermitian, then 7 is self-conjugate if and only if 7
is self-dual. This is a direct consequence of Lemma 2.2.2.

Now assume e(7) and d(7) are both non-zero, we will construct a non-zero

15



conjugate linear equivariant map J : V — V and compute the sign of J2. We
describe this construction.
Let B:V x V — C be an invariant bilinear form on V since m = 7¥. Let (,)

be an invariant positive-definite Hermitian form on V. Define J by the condition:
B(v,w) = (v, J (w)) (3.1)

the map J : V. — V is conjugate linear, G equivariant and non-zero. By the
discussion after Definition 2.2.4, there exists ¢ € R such that J(v) = cv for all

v € V. We compute sgn(c) = ().

(T (), T (w)) = B(J (v),w) = &(m) B(w, T (v)) = &()(w, T*(v))
=¢(m)c{w,v) Yo,weV

implies

g(m)d(m) = sgn(e(m)c) = sgn (M) — sen ((j(v),j(w)>>

(w,v) v, w)

Vo,w € V such that (v, w) # 0

Set v = w. The right hand side equal to 1 because the form (,) is positive definite.

Therefore

]

Remark 8. This proof can be done in a more general setting, the group here does
not have to be a real reductive Lie group. But for convenience, we will still stay in

the framework of real reductive Lie groups unless specified.
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The contra-positive of Theorem 3.0.1 gives an interesting non-unitarity crite-

rion.

Corollary 3.0.2. Let w be an irreducible (go, K)-module; if e(m) # 0(m) then 7 is

not unitary.

3.1 Compact Groups

Theorem 3.0.1 easily leads to the following result for compact groups:

Corollary 3.1.1. Let G be a compact group (specifically, G can be a finite group)

and let m be an irreducible representation of G, then e(m) = d(m).

By analyzing the symmetric/skew-symmetric form on V' (see [4] for details)

we can compute () the following way:

Proposition 3.1.2 (Proposition 6.8, [4]). Let G be a compact Lie group, (mw,V') be

an irreducible complex representation of G with character ©,: G — C; then

1 <V ois of real type

/@w(92) dg=50 & Vis of complex type

—1 < V is of quaternionic type

or stmply:

Here we use the normalized measure on G.

Apply Proposition 3.1.2 to finite groups, we get the following:
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Proposition 3.1.3. Let G be a finite group, (7, V') be an irreducible representation
of G and O, be the global character of (mw,V'). Then

“(r) = 8(r) = 155 3 Ox(s").

geG

Chapter 4: Finite-Dimensional (gg, K)-Modules

4.1 Introduction

It is a well known fact that the Frobenius-Schur indicator of finite-dimensional
representations of connected complex reductive groups is given by a particular
value of the central character. In this section, we will establish a relationship be-
tween the Frobenius-Schur indicator and the Real-Quaternionic indicator of finite-
dimensional self-conjugate representations of G, and thus give a formula for the
Real-Quaternionic indicator.

In section 4.3, the formula for Frobenius-Schur indicator, namely e(mw) =
X=(2(pY)), is stated in Theorem 4.3.3. The rest of section 4 is devoted to estab-

lishing a relationship between € and 4. It turns out

0(m) = Xx(a*)e(n) (4.1)

for Hermitian representations. x € K is the strong real form given by G (Def-

inition 4.4.1). This equation therefore gives a formula for the Real-Quaternionic

18



indicator of finite-dimensional Hermitian representations

5(m) = Xx(2?)xx(2(p"))

The intuition behind Equation 4.1 lies in Lemma 4.3.2 and Remark 11. ¢ is
independent of the real form but 0 is dependent; therefore it is natural that the two
are linked by the strong real form x. The way x appears in this relationship is also
very natural. In the proof of Theorem 3.0.1, we used the positive-definite invariant
Hermitian form that unitary representations possess in order to show ¢ = §. In
general, Hermitian forms may not be positive-definite. However, as long as we stick
with finite-dimensional (gg, K')-modules, we will always have a c-invariant Hermitian
form that is positive-definite. The extra term we have to introduce in order to use the
c-form is exactly . The strong real form x relates the ordinary invariant Hermitian
form and the c-invariant Hermitian form.

The case of non-Hermitian modules only appears when the group G is not of
equal rank. In that case, we introduce the extended group "G (Definition 4.4.4).
We then compute the d-indicator of the induced module, which is the same as the

d-indicator of the original module.

4.2 Hermitian (go, K)-Modules

Definition 4.2.1. We call a (go, K)-module (7, V') Hermitian when it is isomorphic
to its Hermitian dual (Definition 2.2.2), i.e., 7 = 7. Or equivalently, there exists a

Hermitian form (,) on V' such that it is (go, K)-invariant.

In this section, we assume the (go, K)-module (7, V) is irreducible, Hermitian
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and self-conjugate. By Lemma 2.2.2, these imply that 7 is self-dual. Therefore both
g(m) and () exist.
Let (,) be a (go, K) invariant Hermitian form, B : V x V. — C a (go, K)

invariant bilinear form. Define 7 : V' — V as in the proof of Theorem 3.0.1:
B(U7w) = <Uv j<w)>

J is clearly conjugate linear, (go, K) equivariant and non-zero. By the same calcu-

lation we did for Theorem 3.0.1, we obtain:

£(m)3(x) = sgn (M) ~ em (M) (4.2)

(w, v)

However, the determining of the sign function is not easy since the Hermitian form
may not be positive-definite. The goal of the rest of this section is to determine the
sign of the right hand side.

In order to do so, we invoke the c-invariant Hermitian form.

4.2.1 Hermitian Forms on (g, K(C))-Modules

Our main objects of study are (go, K )-modules (7, V). However, in this section,
a convenient setting are the (g, K (C))-modules (7(C), V) which are the complexifi-
cations of (m, V). They are essentially the same thing, see Theorem 2.3.1.

The relation between § and ¢ indicator depends fundamentally on the relation
between two different invariant Hermitian forms on (7(C), V). Namely the oy in-
variant Hermitian form and the o, invariant Hermitian form. We will define these

notions.
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Consider the real forms oy and o, of G(C) introduced at the end of section 2.4.
They are naturally real structures of the pair (g, K(C)) (for details about real struc-
ture see Section 8 of [7]). Suppose o is a real structure of (g, K(C)); we can define

the notion of o-Hermitian dual and o-invariant Hermitian form.

Definition 4.2.2. Suppose (7, V) is a (g, K(C))-module. The o-Hermitian dual of

(m, V) is denoted (77 Vh)
77 K(C) — GL(V"), (k) = [n(c(k™1)]" Vk € K(C)

The operator 7(k)" is the Hermitian transpose of the operator m(k) (see Section 8

in [7]).
Remark 9. 1. The relation oy o o, =  implies [r/-70]oc = 70

2. Recall that 7 is a (go, K )-module, 7(C) denotes the corresponding (g, K (C))-
module (Definition 2.3.3). The following equation relates their Hermitian du-

als:

(7")(C) = = (C)"

where o is the real form corresponding to the real group G.

Definition 4.2.3. [7, Definition 8.6] Suppose (m, V) is a (g, K(C))-module, a o-

invariant Hermitian form on V is a Hermitian pairing (,)? on V satisfying
(X -v,w)? =(v,—0(X) - w)? VXegvweV

(k-v,w)° = (v,0(k™")-w)° Vke K(C),v,weV
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such a form may be identified with an intertwining operator

T € Homg g c) (T, 7rh"’)

with the Hermitian condition: 7 = T"

Lemma 4.2.1. A (g, K(C))-module (w,V') has a o-invariant Hermitian form if and

only if m = he.

In this thesis, we are particularly interested in two invariant Hermitian forms,
namely (,)?° and (,)?. We sometimes call the former the ”ordinary Hermitian
form” and the latter “c-invariant Hermitian form”. It is the focus of this section to
establish the connection between the two invariant Hermitian forms.

First we introduce the concept of extended pair.

Definition 4.2.4. [7, Definition 8.12] Let p be an automorphism of the pair

(g, K(C)), and A be an element of K(C) such that

p2=Ad(\) A€ K(C)

is an inner automorphism of the pair (g, K(C)). The corresponding eztended group
is the extension

1—-K(C)—-*K(C)—Z/2Z — 1

with a specified generator 1 mapping to 1 € Z/27Z, and subject to the relation
prkpyt = p(k) for k € K(C), and p? = \. This extended group acts by automor-

phisms on g, and we call (g,*K(C) an extended pair.
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Proposition 4.2.2. Suppose (7, V) is an finite-dimensional (g, K (C))-module, and
V' has a non-degenerate o.-invariant Hermitian form (,)°, unique up to a real

multiple. Then:

1. The following are equivalent:

(a) There is a non-degenerate og-invariant Hermitian form (,)°°. It is unique

up to a real multiple.
(b) (w,V) is isomorphic to its twist by 0:
D:(m, V)= (s V)
In this case D s unique up to a complex multiple.

Assuming 0> = Ad(\) for some A € K(C), then (a) and (b) are also equivalent

to the following.

(¢c) The (g, K(C))-module V extends to a (g, K(C))-module with 0 acting
as D subject to the additional requirement that D* = w()\). If any such
extensions exist then there are exactly two. The operators D differ by

multiplication by +1.

Assuming from now on the condition of (c) is satisfied, and the operator D is chosen

to be that in (c). Furthermore, assume (X - v, A - w)? = (v, w)7.
2 There is a non-zero complex number & so that
D'=¢D

onV, and |{* =1
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3 The form (v,w) = (D(v), D(w))?® is again a o.-invariant Hermitian form, so

there exists a real number w such that

(D(v), D(w))? = w(v,w)’

4 The scalar w 1s £1.

5 If ¢ is a square root of wE Then

s a og-invariant Hermitian form on V.

Proof. 1t is easy to verify that any o.-invariant Hermitian form differ by a real

multiple from (, )7, because the condition (v, w)? = (v, w)%.

(a) = (b): The existence of o-Hermitian form is equivalent to the isomorphism between

7 and 7. From the assumption of this proposition and 1, we know:

o~ rhoo o~ phioe

™ ™

Therefore

7T_h,UO ~ 7_‘_h,og

Take the o.-Hermitian dual of both sides:

[7_[_h70'0]h,o'c ~ [ﬂ_hpc]hpc = 71_0 ~ o

(b) = (a): Following similar arguments as above, this is not hard to show.
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(b) & (c):

Proof of 2:

Proof of 3:

The reason for assuming 6§ = Ad()) is because it’s required for defining the
extended pair. The equivalence is an immediate consequence of basic Clifford

theory.

We know that 6 is the Cartan involution, more specifically, it is an involution.
So 62 =1d on K(C) and A € Z(K(C)). This implies that 7(\) = D? acts on

V by a complex scalar, call it £71. Then it is immediate that D™! = £D.

It remains to show that || = 1. Consider the equation D~! = £D, square

both sides: D=2 = £2D?. For any v,w € V we have
(D7%(v),w)™ = (2D*(v), w)™ = (A" v, w)7 = (€A~ v,w)™
= (v, - w)7 = (v, N w)% = D? = &ept= EP=1=¢=1

It’s clear that (,) is sesquilinear and Hermitian. It remains to show that it is
o.-invariant:

(X -v,w) = (v, —0.(X) - w)

It is useful to write out the intertwining property of the isomorphism D first:

The o.-invariant claim follows after a short calculation:

(X v,w)’ =(D(X - v), D(w))™ = (X -4 D(v), D(w))**



A similar argument proves the o -invariance for all £k € K(C).

Since (,)" is another o -invariant Hermitian for on the irreducible representa-
tion (m, V), it differ by a real scalar from (,)°c. We denote this real scalar

w.

Proof of 4:

(D*(v), D*(w))™ = w(D(v), D(w))"* = w*(v,w)"

we know that D? acts on V' by m()\) where A € K(C), therefore we have
(D?*(v), D*(w))? = 7(A\)7(\) (v, w)% = £, w) = (v,w)?. This implies

w?=1,1ie., w==%l.

Proof of 5: The form (,)?° is clearly sesquilinear, it is also Hermitian:

(w,v)7 = ¢THD(w),v)” = ¢~ H{v, D(w))7 = ¢ wH{D(v), D*(w))*

= (" w(D(v), & w)7e = ¢wEH{D(v), w7 = ¢ wE(D(v), w)

= ((D(v), w)7e = ¢THD(v), w)7 = (v, w)°
Here we used the fact that |¢|*> = 1. It is an easy consequence of [£|> = 1 and

lw|? =1.

It remains to show that this form is og-invariant.

(X - v,w)? = (v, —0o(X) - w)°°

= (v, —0o(X) - w)7°

Similar calculation applies to all k € K(C).
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]

Lemma 4.2.3. A (go, K)-module (7,V') is Hermitian if and only if the correspond-

ing (g, K(C))-module (mw(C), V) is oo-Hermitian.

Proof. Tt is clear that the form is op-invariant for the g action on V since g =
{X +Y|X,Y € go} and 0o(X +1iY) = X — Y. If (,) is a go-invariant Hermitian
form then it is also og-invariant under the action of g.

The K (C)-invariance follows easily from Theorem 2.3.1 (2) and (3). The
equivalence of category (Theorem 2.3.1(3)) together with the uniqueness of restric-
tion and complexification implies (m,V) = (7", V") = (7(C),V) = (7(C)™m0, V).

The lemma follows. O

4.3 The Frobenius-Schur Indicator

Theorem 4.3.1. /8, Ch.IX, 7.2, Proposition 1] Let G(C) be a connected complex
reductive Lie group, m an irreducible finite-dimensional self-dual representation of
G(C). Then

e(m) = xx(2(p")).
Here X is the central character of w, z,v=exp(2mwip¥) and p" is the half sum of the

positive co-Toots.
For proof, see [9, Lemma 5.2].

Lemma 4.3.2. Suppose G is a real form of G(C), 7 is an irreducible self-dual

finite-dimensional (g, K')-module. Let m(C) be the corresponding (g, K(C))-module,
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therefore a representation of G(C). Then

e(m) = e(m(C)) = xx(2,)

Proof. That m is self-dual if and only if 7(C) is self-dual is implied by the functori-
ality of the complexification.

Suppose 7 is self-dual and e(m) = 1. Let B be a symmetric (g, K) invariant
bilinear form on V'; then it is also invariant under the action of g. If we can show 7(C)
restricted on K is also orthogonal then we can conclude that 7(C) is an orthogonal
(g, K(C))-module.

Since K is compact, by Theorem 3.1.1 §(7) = e(7) = 1. So the representation
is both orthogonal and of real type. Therefore 7 : K — O(n). By Theorem 2.3.1,
we know that the complexification is a covariant functor, therefore 7(C) : K(C) —
O(n, C). Therefore w(C) is orthogonal, i.e., e(7(C)) = 1.

Since m(C) can only be orthogonal or symplectic if it’s self-dual, therefore it

directly follows that () = —1 implies (7 (C)) = —1. O

Lemma 4.3.2 implies that the formula for ¢ of complex groups also applies to

any real form of that complex group.

Theorem 4.3.3. Suppose G is a real reductive group, and w is an irreducible finite-

dimensional self-dual representation of G. Then

e(m) = x=(2(p")).

Remark 10. Note that z(p") is fixed by every automorphism of G(C), so z(p") €
Z(G) for every real form G of G(C).
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Remark 11. The Real-Quaternionic indicator is dependent on the real form. This
can be illustrated by an example. Let Gy = SL(2,R) and Gy = SU(2), take
(71, V) and (72, V') to be the irreducible 2-dimensional representations of G; and Gy
respectively whose complexification is the irreducible 2-dimensional representation
of SL(2,C). The representation 7 is clearly of real type, because the explicit action
shows it preserves the 2-dimensional real vector space defined by restricting scalars
of the complex vector space V. On the other hand, it is not hard to see that
Ty preserves a skew-symmetric bilinear form, since G5 = Sp(1) and 7y is just the

defining representation of Sp(1) C H* on H. Therefore 6(m) = 1 and 6(mp) = —1.

4.4 The Real-Quaternionic Indicator

We assume, for this section, that (7,V’) is a Hermitian (go, K')-module, with
(go, K)-invariant Hermitian form (,). Furthermore we assume that 7 has real in-
finitesimal character. The reason for this is to ensure the existence of the o -invariant

Hermitian form; see the following lemma.

Lemma 4.4.1. For every finite-dimensional (g, K(C))-module with real infinitesi-
mal character ( [6, Definition 5.4.11]), there always ezists a o.-invariant Hermitian
form. In particular, when G is semi-simple, or when Z(G) contains no split torus,

every finite-dimensional representation has real infinitesimal character.

See Proposition 5.2.1.

Theorem 4.4.2. Let (7, V') be an irreducible finite-dimensional (go, K)-module with
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real infinitesimal character. Assume 7 is both self-conjugate and Hermitian,; then

o(m) = e(m)xx(2%)

where xr s the central character of m and x is a strong real form given by the real

group G.

In order to prove this theorem, we need to consider two cases: 1. when G
is equal rank (Definition 4.4.1); 2. when G is unequal rank. The reason for this
dichotomy is that the D and A\ we choose have different properties in the two cases.
Therefore the implementation of Proposition 4.2.2 in the proof of Theorem 4.4.2 is

different for the two cases.

4.4.0.1 G is Equal Rank
In this section, we assume G is an equal rank group.

Definition 4.4.1. Suppose G is a real reductive algebraic group and K = G? is a
maximal compact subgroup, then G is said to be equal rank if the rank of GG is equal
to the rank of K. Equivalently, the automorphism 6 of GG is inner. In this case, a
strong involution for G is an element x € G such that Ad(z) = 6. The definition of

unequal rank groups is the natural negation of the above conditions.

Thus K = Centg(z), so x € Z(K), and z* € Z(K). It also follows that

?=z2eZ(G)NK.

Proposition 4.4.3. Let (m,V) be a finite-dimensional irreducible (go, K)-module
which is both self-conjugate and Hermitian, and G an equal rank reductive algebraic
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group. Then V possesses a o.-invariant Hermitian form (,)%¢, and we can define
form {(,)° such that

(v, w)7 = ¢ N -v,w)°

where C is a square root of x(2), and x is a strong involution for G. This form
is og-tnvariant. In particular, (,)°° is an ordinary invariant Hermitian form under

the actions of (go, K).

Proof. We have already established that there exists a o.-invariant Hermitian form
for (m, V') under these assumptions. The rest of the proposition is simply a special
case of Proposition 4.2.2, taking D to be 7(z) and A = 2? = z. In this case w = 1,
¢ = (=2 and the square root of wé = &1 is (.

We are downplaying the distinction between (gg, K)-modules and (g, K(C))-
modules, because the difference is not of essential importance to us and it may be

a potential distraction. O

Proof of Theorem 4.4.2 when G is equal rank. Fix once and for all a o.-invariant
Hermitian form on V' and an ordinary invariant Hermitian form (,)?° defined in
Proposition 4.4.3.

Recall Equation 4.2 is written in terms of the ordinary invariant Hermitian

form:

£(m)3(x) = sen ((J(v), j(w»%)

(v, w)0

We rewrite this equation in terms of the o.-invariant Hermitian form ()7




The definition of J implies directly that is is a (go, &) invariant map. Since the

strong involution z is an element of Z(K), we have z - J(v) = J(z - v).

(T (2 v), J(w»ffc)

(- v, w)oe

e(m)d(m) = sgn(¢™*)sgn (

Set w = x - v, then

The c-invariant Hermitian is positive-definite, therefore

e(m)d(m) = sgn(¢™?) = xx(2?)

Here we used the fact that the central character of a self-dual representation is £1

valued. O

4.4.0.2 (G is Unequal Rank

For an unequal rank group G, the Cartan involution 6 is not inner. We can
still talk about strong involutions, and use them to define (,)?° from (,)?°. However
the strong real form of G won’t be an element of G, it is an element of the extended
group "G of GG. Here 7 is a certain distinguished involution in the inner class of 6.

We will define the distinguished involution and the extended group.

Definition 4.4.2. A splitting datum or pinning is a set (B, H,{X,}) where B is a
Borel subgroup, H is a Cartan subgroup contained in B and {X,} is a set of root

vectors for the simple roots of H in B.

Definition 4.4.3. An involution of G is said to be distinguished if it preserves a
pinning.
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We now define the distinguished involution v we need. Here we follow [7]
closely.

Choose a maximal torus Ty C K and let Hy= Centg(Ty). This is a funda-
mental Cartan of G. Let R = R(G, Hy) be the roots of Hy in G. We can choose a
system of positive roots R™ so that §(R*) = RT. This defines a Borel B containing
Hy.

Remark 12. The choice of R here can result in a different pinning hence a different
distinguished involution. However, the two distinguished involutions will be con-
jugate to each other by an element of G(C). Suppose P and P’ are two different
pinnings corresponding to the different choices of RT, then there exists a g € G(C)
such that conjugating by g takes P to P’. The resulting distinguished involution ~y

and +/ are conjugate by Ad(g). Therefore v and +' are equivalent as real forms and

The simple root vectors II = {X,} are chosen in such a way that
’)/(Xa) = X@a a€ell

Let v be the distinguished involution in the inner class of # that preserves the pinning

(By, Hy,I1). We see that

=1, ~of=0oy, ~oo.=0.07. (4.3)
With this distinguished involution, we define the extended group of G(C).
Definition 4.4.4. The extended group "G(C) for G(C) is the semi-direct product

"G(C) = G(C) x {1,7}
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According to (4.3), v preserves G, K, K(C). We can therefore define all the corre-

sponding extended groups "G, K, and 7K (C).

The strong real form for the real form G is an element

r =0y € G(C)y ="G(C\G(C)

with the property that

Ad(z)|ec) = 9.
Proposition 4.4.4. The strong real form x for the real form G satisfies:
1. 29 € K and 23 = 2* € Z(K).
2. ve'K.

We would like to define (, }7° from (, }?° the same way we did in the last section.
However, the expression z - v does not make sense now that z is in the extended
group. To make sense of this action, we need to extend the (go, K)-module (7, V)
to a (go,”K)-module. By Clifford theory, (m,V’) can be extended to a (go,7K)-
module if and only if 7 & 77. Lemma 4.4.1 implies that 7 = 7"°¢; we are under
the assumption that all representations are Hermitian 7 = 7/ := 790, Therefore
7 22 [ghoo]hoe o 70 o 77 the first isomorphism is because o o g, = 0, the second is
because 6 is inner to . The (go, K )-module (7, V') can have two different extensions,
we call them 7; and 7. The difference between them is 7 (y) = —ma (7).

Before giving the proof of Theorem 4.4.2, we need to prove some properties of

the extended modules.
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Lemma 4.4.5. Let (m,V) be an irreducible finite-dimensional self-dual representa-
tion of G and m = Y. Then it has two extensions, denoted w, and wy. Furthermore,

m and my are self-dual.

Proof. The distinction between finite-dimensional representations and their Harish-
Chandra modules is trivial for our purpose, so upon proving the claim for represen-
tations, the same claim for (go, K)-modules should be immediate.

First of all we claim that (m)Y & m; or 7.

Proof of Claim: by definition of dual representation,

()" (7) - f(v) = f(m(y™") - v)

This action of v extends 7" because it intertwines =¥ and (7Y)7:

, (m)7()

VV

N
(m1)"(7)
VV

- Ly

It is elementary to check this:

() (g) - [(m) " (7) - F}(w) = [ (v(9)) - [(m1) " (7) - f}(w)

= f(m(y'g™") - v)

So (m1)Y(7y) extends 7, and since ¥ = 7, (7)Y (7) also extends 7. It is either
1 O Tro.
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It turns out (7)Y = 7, we will now prove this.
Since 7 is self-dual, it is equivalent to prove: (7)Y = (7¥); . The notation

(mV); is chosen so that m = (7¥);:

(m)1g) - f = Ulmlg) - ¥~ (f)]

where 1) is the representation isomorphism v : 7 = 7.

The idea of the proof is using the highest weight vector of 7V and analyzing
how (71)Y(v) and (7¥)1(7) act on it. The highest weight vector is defined with
respect to Hy and the pinning (Hy, By, II) (see discussion after Definition 4.4.3).

The reason for using the highest weight vector is that (7¥);() acts on it by a

scalar
(T )i(v) - p=c- ¢
see Lemma 4.4.6 below for proof. Consequently, (7¥)a(7) - = —c- .

It is convenient to use proof by contradiction, i.e. to prove (m)" Z (7V)2.

Note that a necessary condition for (m)" 2 (1), is:

(m)V(7) - ¢o=—c-¢

because for any representation isomorphism ¢ : (m)¥ = (7¥)s, ¢ sends highest
weights to highest weights and therefore preserves the scalar by which + acts. To
prove (m1)Y 2 ("), we just need to show the action of (m)" and that of (7)y on
the highest weight vector are different.

Let v be the highest weight vector of m with highest weight \; we claim that

the dual basis f,, ., in V" is the highest weight vector for 7¥ with highest weight
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—wp - A = A, where o,,, is the element in the Tits group with respect to the pinning

(Hy, By, 1) (see discussion after Definition 4.4.3). The reason we use this element
is:
7(0uw) = 0o
We first verify that f,, ., is indeed the highest weight vector for 7, for H € h(C):
T (H) - fouyv(0wy - V) = fouw(—H - 04, - v) (by Definition of )

= fawom(_o-woo-u_;olHO-wo -v) (by (g(C), K(C) module)

= fouyv(—0uy - wy ' (H) - v) (by Definition)

= —Awo(H)) fouyv(0w - )

= —wo(A)(H) fouy (0w, - v). (Weyl group acts on weights)

Because the representation 7 is self-dual, —wy(A) = A, this implies:
TH) - fras = MH) frop o
Let’s see how (71)"(7) acts on fo,, .
(10)Y(7) * fouyw (0w - 0) = fopgu(m(y™h) - 0w, - v)
= fouyo(V(0w) - T1(7) - v)

= faw0~v(0w0 “C U) =cC- f0w0~v<0w0 ’ U)'

However, on the other hand:

(m)a(7) - fawo-v(awo v) = —[ih(mi(y) - ¢_1(faw0-v))](0wo $v).

Since ¥~ ( f,,,») is going to be a highest weight vector of 7 and () acts on that

by a scalar ¢, we have:

(7.‘.\/)2(,}/) ’ f0w0~v(0-w0 ’ U) =—C: fowom(o-wo ’ U)'
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Therefore, we have a contradiction:

(77-1)\/(7) ’ fcrwo-v % (Wv)2(7> : fawo-v-

it has to be:

Lemma 4.4.6. Let v be a highest weight vector of m with highest weight X,
m(y)-v=c-v, ceC"

Proof. Let ¢ denote this isomorphism 7 = 77

o: V=V

Set the action of v to be m1(v)(v) := ¢(v).

Consider the weight space decomposition of . Let {\, A1, Ao, -+, A, } be the
weights and {V, V1, Vs, - -+ |V, } be the corresponding weight spaces, with A the high-
est weight, V' the highest weight space. The map 7 sends V to the weight space of
AT

m(H)-y() =y(y(H) -v) = y(A(H) - v) = X (H) - (v)
the notation \7(H) is defined as A(v(H)) By the uniqueness of the weight space
decomposition and the fact that v is an isomorphism, we know that the action of ~

on V permutes the weights:

{)‘77>\'1YJ e AZ} = {)\7 )‘17 e 7)\n}
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It turns out that twisting by v does not change the order of the weights, thanks
to the considerate choice of based root datum and + in [7]. More importantly, A\
is still the highest weight of 77. We give a brief proof of this fact: Since A is the

highest weight, we have:

)\—)\i:ZO{j

jes

where o; € RT and R™ is the set of positive roots chosen to be preserved by 6. S
is some non-empty set, meaning we are summing over some subset of R™.
Twisting by v, we have:
N =\ =) o]
jes
By the construction of v from 6, we conclude 7 also preserves Rt and thus a]-

are again positive roots, so

A= X, Vi

Therefore \Y = )\ and

]

Lemma 4.4.7. Let (m,V) be an irreducible finite-dimensional c-Hermitian repre-
sentation of G satisfying (m,V) = (77, V). Then it has two extensions m and o

and they are c-Hermitian.

Proof. The extended module m; being c-Hermitian is equivalent to

h,oc

m & [m]
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It is easy to see that [m;]"7¢ is also an extension of 7. Because there are only
two extensions of 7, we will prove the above isomorphism by contradiction. We will

show
[ 1]h’gc E o
Suppose there exists such an isomorphism

h,oc

W my — [m]

[m]"7(7) - W (v) = P(ma(v)v) (4.4)

Let v € J such that 7 (7)v = cv some ¢ € C*. Such vector exists because v acts as
an isomorphism D : 7 — 77 and V is finite-dimensional.

By definition, m(v)v = —cv. We also know that ¥ (v)(v) # 0 because the
c-Hermitian form on J is positive definite.

Equation 4.4 left hand side evaluate on v is

] (7) - ©(v) (v) = Y () (mi (v o) = Y(v)(c o) = cT1(v)(v)

right hand side evaluate on v equals to

—c(v)(v)

We know that |¢| = 1, therefore in order for there to be an isomorphism v, ¢c-1 = ¢

U

has to equal to —c which implies ¢ = 0. Contradiction.

It is clear that m & 7], so an immediate consequence is that m = [ﬂmc]7 =
W?’UO. From the previous Lemmas, we see that the extended representations in-
herit many properties of the original representation. This is crucial in the proof of

Theorem 4.4.2. First, we state the parallel of Proposition 4.4.3.
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Proposition 4.4.8. Let (m,V) be a finite-dimensional irreducible (go, K)-module
which s both self-conjugate and Hermitian, G an unequal rank reductive algebraic
group. Suppose V' possesses a o.-invariant Hermitian form (,)%¢, then we define

form (,)7° such that

where ¢ is a square root of x.(z?), and x € "G is a strong involution for G. This
form is og-invariant. In particular, (,)°° is an ordinary invariant Hermitian form

under the actions of (go, K).

Proof of Theorem 4.4.2 when G is unequal rank. Fix a o.-invariant Hermitian form
for (7w, V), denote it (,)?. Define (,)? to be as in Proposition 4.4.8. Through the

same steps as the proof when G is equal rank, we get

“(x)a(r) = sgn(¢ s (“x 'M»“)

(x - v, w)oe

Recall that one important step in the proof of the theorem when G is equal rank is
that J is equivariant under the action of  and therefore we can take the x- inside
and set w = x - v thus proving the theorem. This is still true even though z is in
the extended group YG. All the Lemmas we introduced before are for the proof of

the fact that J is equivariant under the action of x.

Recall the definition of J is
B(Ua w) = <U’ j(w»ao

Lemma 4.4.5 implies that B is also invariant under the action of v hence of x. The
short discussion after Lemma 4.4.7 implies that the Hermitian form (,)?° is also
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invariant under the action of v therefore of x. With these in mind, we see that the

map J intertwines the action of x:
<’U,$ ’ j(w)>00 = <I71 ’ U7j(w>>go = B('ril ’ ’U,'LU) = B<U7$ ’ w) = <U7&7($ ’ "LU))UO

=z -J(v)=J(x-v). Therefore

<(%)3() = sen(()sem (U <M>>%)

(- v,w)oe

Let w=2x-v,

£(m)3(r) = sgn(¢)sgn (U <M)>”°> — 5gn(¢) = xo(e7) = X (%)

This completes the proof of Theorem 4.4.2. O

4.5 non-Hermitian Representations

We depart from the friendly territory of Hermitian representations, and now
consider (7, V') to be a finite-dimensional irreducible non-Hermitian representation.

Y

We still assume 7 = 7.

Having no invariant Hermitian form is a problem for us, since the techniques
we have used rely on Hermitian forms. Our approach for this section is to construct
a representation 7 from 7 which is Hermitian. We then find the d-indicator for 7,
which turns out to equal to the d-indicator of the original representation.

One implicit property of the group G in this section is that it is unequal rank.
This is because all finite-dimensional irreducible representations of an equal rank
group are Hermitian. Recall for an unequal rank group G, we defined a non-trivial

distinguished involution v and extended groups "G(C), "G, 7K, and "K (C).
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The (go, K )-module (7, V') cannot be extended to a (go,? K )-module, however

by Clifford theory, it can be induced irreducibly to a (go,” K )-module.

Definition 4.5.1. Let (7, V) be the induced module 7 = Indgﬁgzzf){)w. We will often

simplify the notation and write 7 = Ind(7).

Lemma 4.5.1. The induced (go,"K)-module (%,V) is irreducible, Hermitian and

self-conjugate.

Proof. Lemma 4.4.1 says that m = 77 therefore 770 = 17, The assumption that
7 is non-Hermitian also implies that m 22 ©7. Therefore Clifford theory implies that
Indr is irreducible.

It is elementary to verify that 7h = 7 We know that 7" = 7 2 7. Therefore

g"“h

T = 7" ie., mis Hermitian.

For the proof of self-conjugacy, we want to show that 7 2 7. We view ? as
C®c,V=CQc,r(VBYW)=(C&c,V)®(C&c, V)
and % as
V S¥ ’Yv - ((C ®(C,T V) ©® ’Y((C ®(C,T V)

Define map

such that

(z®@v1) ® (w7 v2) = (2@ v1) B y(w® vy)

It is elementary to check this map intertwines the two representations.
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Given the assumption that 7 = 7, we have

Sl
I
AN
124
N

i.e., m is self-conjugate. m

This module (7, V) turns out to have better properties than (r, V). So we have
reason to believe that the same proof technique we used for Hermitian modules is

applicable here too.

Proposition 4.5.2. Let D : V. — V? be an isomorphism of the two (g0, "K)-
modules, satisfying the property that D*(v) = X - v, where X € TK. Let {,)° be a

non-degenerate positive definite o. invariant Hermitian form on V. Define
(0,w)7 = ¢~ {D(0),w)" = ¢(v, D(w))""

with ¢, w and & are defined the same as in Proposition 4.2.2. The form (,)° is a

og-tnvariant Hermitian form on V.

The proof of Proposition 4.2.2 can be transferred here completely with no

essential change.

Theorem 4.5.3. Suppose (7, ‘7) is an irreducible Hermitian self-conjugate (go, " K)-

module. Then the §-indicator of (T, 17) is given by
o() = (T)xz(2?).

Proof. Since 7 is both Hermitian and self-conjugate, it is then self-dual. Let B :

V x V — C be a (go, 7K )-invariant bilinear form on V.
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Fix once and for all a c-invariant Hermitian form (, )7, let (, )7 be defined by
(,)% the way in Proposition 4.5.2.

Define J : V — V such that

B(v,w) = (v, J (w))°°

J is clearly (go, " K)-invariant, conjugate linear and bijective.

A short calculation and replacing (,)?° by (, )% gives:

e(7)d(7) = sgn(¢~?)segn ( '#

Proposition 4.4.4 says x € 7K, then by definition, J intertwines the action of x:

=(7)5(%) = san(¢~2)san <<J (%)V’C) |

Let w = x - v; we have
e(M)o(7) = xz(272) = 8(7) = e(T)xz(2?).
]

Lemma 4.5.4. Suppose (m, V) is an irreducible (go, K )-module (7, V') its irreducibly

induced (go, " K)-module. If §(m) and §(7) both exist, then §(m) = §(7).

Proof. Since 7 is self-conjugate, there exists J : V — V conjugate linear and G
invariant. By definition of induced representation V=Va& ~vV. Define J: VoV

such that:

Jw+yw) =T W) +vT(w), YveV,ywerV
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It is easy to see that J is conjugate linear and 7G-invariant. We will demonstrate

the calculation for "G-invariance. For g € G

J(g-(v+yw)=T(g-v+y(g) - w)=T(g-v) +vT(v(g) - w)
=g-JW)+7(9) - T(w)=g-T () +g- 7T (w)

=9-J(v+w)

and

Ty (v+yw)) =T (w+ 2w) = 7T (v) + 2J (w) = (T (v) + 7T (w))

=77 (v +w)
Then for v € V:
§(mv = TJ*) = T*() = §(F)v
]

Theorem 4.5.5. Suppose (7, V') is an irreducible self-conjugate (go, K)-module with

real infinitesimal character and w is not Hermitian. Then the d-indicator of m is:

3(7) = Xx(2?)e(T)
where T is the irreducible module Ind(m).

Remark 13. The indicator e(7) is understood when G is simple; in that case the
Chevalley involution C' is either trivial or inner to . The formula for e(7) is given
in [9]. The author predicts that in the case of G semi-simple and reductive, a double

extended group of G is needed for understanding the formula 6(7) = x(2?)e(7).
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Chapter 5: Infinite-Dimensional (gg, K)-Modules

In this chapter, our main objects of interest are the irreducible admissible
representations and their Langlands parameters. In Section 5.1, we give a brief
introduction to the Langlands classification for representations of G. Many nota-
tions will also be introduced here. We will then restrict our attention on the self-
conjugate irreducible modules. Furthermore, we will only consider the modules with
real infinitesimal character. The reason for this assumption is that the c-invariant
Hermitian form is guaranteed to exist in this case, and it will be positive-definite on

the lowest K-types [6, 5.4.18].

5.1 A Brief Introduction to the Langlands Classification

References for the details of the Langlands classification are [10] and [7]. Here

we follow [7] closely.

Definition 5.1.1. [7, Theorem 6.1] Suppose G is the group of real points of a
connected complex reductive algebraic group. Then there is a one-to-one corre-
spondence between the infinitesimal equivalent classes of irreducible quasi-simple

representations of G and G-conjugacy classes of triples

I'= (H,v, Rf)
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subject to the following requirements.

1. The group H is a Cartan subgroup of G: the group of real points of a maximal

torus of G(C) defined over R.

2. The character « is level one character of the p,,s double cover of H. Write

dy € b* for its differential.
3. The roots R, are a positive system for the imaginary roots of H in g.
4. The weight dvy is weakly dominant for Rj;.
5. If @V is real and (dv, ") = 0 then 7,(m,) = +1 [7, Definition 5.7].
6. If 3 is simple for R} and (dv, ") = 0 then f is non-compact.
We call I a Langlands parameter.

Attached to each equivalence class of Langlands parameter I' is a standard
(go, K)-module I(I"), and it has a unique irreducible quotient module J(I'). The
correspondence is

'+ J(T)

I will give a summary of Langlands’ construction of I(I"). First we define some
notations. Let T'= H? be the compact subgroup of H. Write by = t;, + ao for the
decomposition of the real Lie algebra of H into +1 and —1 eigenspaces of 6. Define
A = exp(ag) to be the identity component of the maximal split torus of H. Note

that the group A is isomorphic to its Lie algebra and

H=TxA
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Let M A = Centg(A) be the Langlands decomposition of the centralizer of A in G.

The compact group T is a compact Cartan subgroup of M, and the parameters
A = (T, 7|7 R)

are Harish-Chandra parameters for a limit of discrete series representation D(A) €
M. Here T is the pir double cover of T'. For more information about this cover,
see [7]. Now let

v=rls €A
Choose a parabolic subgroup P = M AN of G such that v is weakly dominant for

the weights of a in n. Then the standard representation I(I") can be realized as
Iuo(T) =Tnd$D(A) @ v ® 1

We also use I,,,(I") to denote the Harish-Chandra module of the standard represen-
tation. This module has a unique irreducible quotient J(I"). The correspondence in
Theorem 5.1.1 is I" «» J(I').

The construction of the standard module inspires another expression of the

Langlands parameter. Given Langlands parameter I, let
A = (T,7l5 BE)
be the discrete Langlands parameter associated to I', and
v =7|a € Homg(ag, C) = aj

be the continuous parameter for A. Then I' can also be written as (A,v); thus
I(T') = I(A,v) and J(I') = J(A,v). We will be using (A,v) rather than I' for the
rest of this thesis.
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Definition 5.1.2. We say a character v of A is real if it is a real-valued character,

ie.,

v € aj(R) = Homg(ag, R)
Proposition 5.1.1. Suppose I' = (A, v) is a Langlands parameter, then
1. Two Langlands parameters are called equivalent if they are conjugate by G.

2. The lowest K-types of I(\,v) all have multiplicity one, and they all appear in

the Langlands quotient J(A,v).

3. The infinitesimal character of J(A,v) is real [6, Definition 5.4.11] if and only

if v € af is real (Definition 5.1.2).

5.2 Non-Unitary Modules

The benefit of the unitarity condition is that with a positive-definite invariant
Hermitian form, the sign of a certain fraction is easily determined as can be seen
in the proof of Theorem 3.0.1. For non-unitary modules, our tool for determining
signs is the c-invariant Hermitian form. By assuming real infinitesimal character,

we ensured the existence of the c-invariant form (Proposition 5.2.1).

Definition 5.2.1. Suppose I' = (A, v) is a Langlands parameter (Definition 5.1.1).

The c-Hermitian dual of (A, v) is
o = (A, v)"7e = (A, D)

In particular, if the continuous parameter v is real, then I =T.
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Proposition 5.2.1. [7, Proposition 10.7] Suppose I' = (A,v) is a Langlands pa-

rameter for G, and "% = (A, D) is the c-Hermitian dual parameter, then

1. The c-Hermitian dual of a standard module with a Langlands quotient is a

standard module with a Langlands submodule
[1(T)quo)™ 7 = Loup(T")
and vice versa.

2. The c-Hermitian dual of a irreducible quotient module is

[J(D)]"7e = (")

3. The irreducible quotient module J(I') admits a c-invariant Hermitian form if

and only if T is equivalent to T'7¢.

4. J(A,v) admits a c-invariant Hermitian form if and only if there exists w €
W (G, H), where H is a real Cartan subgroup of G, such that w- A = A and

w v ="v. In particular, if v is real then J(A,v) has a c-form.

5. Suppose v is real, then any c-invariant Hermitian form on J(A,v) has the
same sign on the lowest K-types. In particular, the form can be chosen to be

positive-definite on every lowest K-type.

Since we assume v is real, there always will be a c-invariant Hermitian form
that is positive-definite on the lowest K-types. Therefore we can use this tool as
we have used it in the finite-dimensional case. The methods of computing the o-
indicator is similar here with some additional discussion about lowest K-types.
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5.2.1 Modules for Equal Rank Groups

Let G be a equal rank (Definition 4.4.1) real reductive algebraic group (Def-
inition 2.4.4), (7w, J(A,v)) be an irreducible admissible quotient module of G with
Langlands parameter (A, v) and v real. Further assume that J(A, v) is self-conjugate
(Definition 2.2.1).

Based on our assumption, G being equal rank and v being real, we don’t have

to consider the non-Hermitian modules. Because
Proposition 5.2.2. If G is equal rank, and v is real, then J(A,v) is Hermitian.

Proof. We know

[T(A )] 2= T (A, w)0
GG being equal rank implies that ~ is the identity map. Therefore

J(A, v)7e = J(A, v)o.
By Proposition 5.2.1, v real implies

J(A,v) = J(A, D).
Therefore
J(A,v) =2 J(A, v)oe =2 J(A, v)heo

i.e., J(A,v) is Hermitian. H

We only consider the Hermitian modules.
Recall that the d-indicator is given by the sign of a conjugate linear invariant
map J. Let (,) be an invariant Hermitian form on J(A,v). The assumptions that
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J(A,v) is both Hermitian and self-conjugate implies that it is also self-dual, hence
there exists an invariant bilinear form B on J(A,v). We define a conjugate linear

invariant map J as before (Equation 3.1):

B(v,w) = (v, J (w))

consequently we have

e(m)d(m) = sgn (M) (5.1)

In this case, we have invariant Hermitian forms and c-invariant Hermitian

forms at our disposal. Proposition 4.2.2 still holds in the infinite-dimensional case.

Proposition 5.2.3. Suppose J(A,v) is an admissible (go, K)-module, and it admits

a c-invariant Hermitian form (,)%. If G is equal rank, then define (, )

where x € K is the strong real form given by G. This form is a og-invariant

Hermitian form.

This is the same Proposition as Proposition 4.4.3 without the assumption of
finite-dimensionality.
Let’s rewrite Equation 5.1 in terms of a c-invariant Hermitian form using the

relation indicated by Proposition 5.2.3:
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Since G is equal rank, x € G. In particular, x € K. By definition of 7, it intertwines

the action of (gg, K). Therefore x - 7(v) = J(z - v) and the equation becomes

£(m)8(n) = sgn (C—1<j($ ), j(w)>c>

C_1<I v, w>c

Set x-v=w

e(m)d(m) = sgn <C1<j(w) j(w)>c) _ sen(¢-10)sen (<j(w)7 j(w)>c>

Y
¢ Hw, w)°

(w, w)*
The main goal now is to determine the sign of the fraction ngﬂ#

Unlike the finite-dimensional case, the c-form for J(A, v) may not be positive-
definite on the entire representation. However, by Proposition 5.2.1(5) it can be
made positive-definite on all of the lowest K-types [6, Definition 5.4.18]. We will

call the set of lowest-K types LKT for short

Lemma 5.2.4. The map J sends LKT to LKT. In particular, J takes N\ LKT to

X LKT.

Proof. Let A be the highest weight of a lowest K-type, w be an element in the A

weight space. Denote T' C K the Cartan in K,
t-w=ANt)w VteT

The element J (w) is in the A weight space:

t-T(w) = T(t-w) = TO(Bw) = NOT (w)

Since A is a character of a compact group, namely compact Cartan 7" of K, A is

purely imaginary valued:



therefore
Al =[] = All

is minimal among the K-types. [l

Proposition 5.2.1(5) and Lemma 5.2.4 indicates that the sign of % is

Theorem 5.2.5. Let G be an equal rank real reductive algebraic group, and J(A,v)
an irreducible admissible Langlands quotient (go, K)-module with Langlands param-
eter I' = (A, v) satisfying the conditions in Definition 5.1.1. Further assume that v

is real and J(A,v) is Hermitian and self-conjugate. Then
e(m)o(m) = xa(z?)
where x € G is the strong real form corresponding to G.
Proof. From the discussion after Proposition 5.2.1 and Lemma 5.2.4, we know:
e(m)d(m) = sgn(¢7'C)
By the definition of ¢, and the proof of Proposition 4.2.2 (5) we have
e(m)o(m) = sgn(C™*) = xa(a?)

Here we used the fact that the central character of a self-dual representation is £1

valued. O

5.2.2 Modules for Unequal Rank Groups

Let G be an unequal rank real reductive algebraic group, J(A,r) be an irre-
ducible admissible Langlands quotient module of G. Assume that the continuous
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parameter v is real to ensure the existence of c-form and the positive-definite prop-

erty of the form on lowest K-types. We consider self-conjugate modules only.

Lemma 5.2.6. Assume G and J(A,v) satisfies all conditions stated in the beginning

of this section. Then J(A,v) is Hermitian if and only if J(A,v)Y = J(A,v).

Proof. The assumption v real implies that J(A, ) admits an c-invariant Hermitian

form by Proposition 5.2.1. This means

J(A,v) = J(A, V)h"’c

Since
[J(A, v)roe)bo0 = J(A, 1) =2 J(A,v)?
we have
J(A, v)o0 = J(A, v)
The claim follows. O

We will divide the discussion into two parts. The first is for the Hermitian

modules, second is for the non-Hermitian modules.

5.2.2.1 Hermitian Modules

Now suppose J(A,v) is Hermitian. This together with the assumption that
J(A,v) is self-conjugate implies it is self-dual. Let (,)?° be an ordinary invariant
Hermitian form on J(A,rv) and B be an invariant bilinear form. We define J as
before

B(v,w) = (v, z - w)’°.
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J is conjugate linear and (gg, K)-invariant. If we try to proceed like the previous
chapter, we will run into a problem, which is « ¢ G. This is because G is unequal
rank. The way we are going to solve this problem is by extending the representation
to the extended group "G (Definition 4.4.4).

By Lemma 5.2.6 and Clifford Theory, (m, J(A,v)) can be extended to two
distinct (go, YK )-modules, denoted m; and me. The action of « differs by a sign

between the two extensions
mi(y) = —m(7).

We will prove some properties of the extended modules.
Lemma 5.2.7. If J(A,v) admits a c-form, then its extension also admits a c-form.

Proof. The extended module m; admitting a c-Hermitian form is equivalent to

sl = [Wl]h’gc

]9 is also an extension of J. Because there are only

It is easy to see that [m
two extensions of J, we will prove the above isomorphism by contradiction. We will

show
(7 1]h’UC E o
Suppose there exists such an isomorphism

Qﬂ Mo — [Wl]h’ac

)" (7) - 9 (v) = P (ma(7)v) (5.2)
Let v € J such that m(7)v = cv some ¢ € C*. Such vector exists because 7 acts as
an isomorphism D : J — J7 and D is of finite order.
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By definition, m(v)v = —cv. We also know that ¢ (v)(v) # 0 because the
c-Hermitian form on J is positive definite.

Equation 5.2 left hand side evaluated on v is

The right hand side evaluated on v equals to

—c(v)(v)

—c = c~1if and only if |¢| = —1. This contradicts the fact that |c| > 0 for all ¢ € C.

h
Therefore m = 7). O

Lemma 5.2.8. The extended module J; is Hermitian.

This is an immediate consequence of Lemma 5.2.7 and Equation 2.1 and the

fact that 6 and ~ are inner to each other.

Theorem 5.2.9. Let G be an unequal rank real reductive algebraic group (Defini-
tion 2.4.4) and (mw, J(A,v)) be an irreducible admissible Langlands quotient module.
Further assume that v is real and J(A,v) is Hermitian. Then we have the following
equation:

o(m) = e(m)xa(2*)r(m)

where x € 7G is the strong real form given by G, and

1 m 18 self-dual
K(m) =

—1 m is not self-dual
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Proof. Following the unequal rank part of the proof of Theorem 4.4.2 located after

Proposition 4.4.2 we arrive at

(e TW), J<w>>c> _ sgn(c-2sen <<x (), J(w»ﬂ) |

<_1<$ v, w>c

e(m)d(m) = sgn (

If the extended module J; is self-dual, then B is invariant under the action of

x. Therefore
(v, T (@ w))™ = Bv,z-w) = Bla™" -v,w) = (&7 v, T(w))™ = (v,2 - T (w))"
implies
J(x-v)=z-JW) YveJAv)
If the extended module J; is not self-dual, then J) = Jy since J) is easily proven

to be an extension of J. We can take the isomorphism 1 : o = 1) and it will serve

as an (go, K)-invariant bilinear form on J:
B(v,w) =¢(v)(w) Yo,w € J.
The map 1 being an intertwiner means

b(ma(x)v) = m (2)P(v).
This together with the fact that x = z1v implies
B(z - v,w) = B(m(z)v,w) = ¢(m(2)v)(w) = (=m(z)v)(w)

= -7y (2)(v)(w) = =Y (v)(m(z")w) = =B(v,z - w)
We define an index k that takes the value 1 if J; is self-dual and -1 if J; is not
self-dual. Then
B(z-v,w) = k(7)B(v, 2! - w)
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This implies

= Xﬂ(ﬂ)/@(w)sgn <<‘7(2Uu)}’ ;—Z)(cw))c)

By Lemma 5.2.4, J sends LKT to LKT. Since the c-form is positive-definite on all

LKT’s, the theorem easily follows. O]

5.2.2.2 Non-Hermitian Modules

Suppose J(A,v) is not Hermitian. By Lemma 5.2.6, we know that J7 2 J.
This means we cannot extend J to a (go, " K )-module. Instead we can induce J to
an irreducible (go, 7K )-module, denoted J. We will proceed by discussing properties

of the induced module J.

Lemma 5.2.10. If J has real infinitesimal character then J has real nfinitesimal

character.

Proof. The module J restricted to (g0, K) splits into two modules J = J+ J7. The
action of ag on J is by the real valued character v. We will show that v7 is again
real valued. By definition 0 acts on ag by —1 and + is inner to 6. Le., § = Ad(xy) oy

where zy € Hy by the discussion in [7, P80]. Therefore
VI(X) = v(v(X)) = v(zof(X)zy ") = v(=X) = —v(X).

Clearly 7 is real valued on ay. O
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Proposition 5.2.11. [7, Proposition 12.7] Suppose J is an irreducible (g0, "K)-
module of real infinitesimal character. Then J admits a non-degenerate c-invariant
Hermitian form that is unique up to a real scalar multiple. It can be chosen to be

positive-definite on the lowest 7" K -types of J.
Proposition 5.2.12. The extended module J is Hermitian and self-dual.

Proof. The twist of J is Ind.J? therefore isomorphic to J. By Proposition 5.2.11
J = Jhoe Therefore J = Jhoo.
It is elementary to prove that J is self-conjugate given that .J is self-conjugate.

It is a consequence that J is self-dual. O

Proposition 5.2.13. Assume G and J satisfy the conditions in the beginning of
this section. Fiz a strong real form x € YK\K and 2* € Z(K) acts on J as a scalar
¢%, 2% also acts on J7 by ¢*. Fiz a c-invariant Hermitian form (,)¢ on J which is

positive-definite on the lowest VK -types. If J admits an invariant Hermitian form,

then we can define {,)°
@, w)° = ¢ Yo -0,0) = (0,2 0)°
and it is a (go, "K)-invariant Hermitian form on J.

Proof. This is again a consequence of Proposition 4.2.2 with A replaced by x. The
verification of (,)? being an ordinary invariant Hermitian form is elementary and

won’t be presented here. O

Now we have shown that all the good properties that we want and J does not
have are possessed by J. Also J inherited the good aspects of J. For example, having
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a c-invariant Hermitian form etc. This enables us to use the previous arguments on

J to obtain a formula for §(7).

Theorem 5.2.14. Suppose (7, J) is the the induced module of J with J satisfying

all the conditions we set in this section. Then
8(7) = e(T)xz(2?).

The proof of this Theorem is the same as that of Theorem 5.2.5 with J replaced
by J.

Let’s come back to our main object of concern here §(7). Lemma 4.5.4 shows

that d(m) = &(7); the proof applies in the infinite-dimensional case.

Theorem 5.2.15. Let G be a real reductive algebraic group which is unequal rank,
(m, J(A,v)) be an irreducible admissible (go, K)-module that is not Hermitian. Fur-
thermore, J is self-conjugate and v is real (i.e., J has real infinitesimal character).

Then

o(m) = e(@)xx(2?)

where T = Indgg’;f)()w and x € "K\K is a strong real form given by G.

This theorem is a direct corollary of Theorem 5.2.14 and Lemma 4.5.4, with
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the additional observation that x,(z%) = xz(z?).

Appendix A: Kac Classification and Formulas for Real Forms

A.1 Introduction

In this appendix, our goal is to give formulas for real forms of some unequal
rank simple groups. We do this by revisiting the Kac classification, spelling out
some of the theories behind the classification and give computable formulas for real
forms (Theorem A.5.4). Some examples of calculating using these formulas are given
in Appendix A.5.

First, we fix some notations for this Appendix. G denotes a complex simple
adjoint Lie group of type As,_1, or D, or Eg, or Fy. We consider only these types
because their Dynkin diagrams have non-trivial diagram automorphisms. We left
out type As, because the quotient root system by a Cartan involution is possibly
non-reduced. Let G denote a group of real points of G (Definition 2.4.3). G could
be unequal rank (Definition 4.4.1). Let go denote the Lie algebra of G, g denotes
the Lie algebra of G. Consequently, g = gg ®g C. Let 6 be the Cartan involution
of G corresponding to G, v the distinguished involution in the inner class of 6.
For the definition of v see Section 4.4.0.2. Hj; denotes the fundamental Cartan
(Section 4.4.0.2) of G, let H be a maximal torus of G such that H; = H}* (o is

defined in Section 2.4). Let "= H}] and T= Hj.
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The following definition of real form is what we will use in this appendix.

Definition A.1.1. A real form of G in the inner class of v (or ) is an equivalence
class of elements € G (Definition 4.4.4), satisfying z ¢ G, and 2> € Z(G). The

equivalence is by conjugation by G.

By the definition of v (Definition 4.4.3), Hy is v stable. The definition of T

implies that v fixes every element in T. We define the following.

Definition A.1.2. Let

H” = H » {1,~}

and

T =Tx{1,7} =TUTy
The second definition is a direct product because v acts on T trivially.
We give an outline of this appendix:

1. We prove that every real form is conjugate to an element in T+.

2. We consider the universal cover of Tv. Two elements of T are conjugate by
W., (Definition A.2.1) if and only if some lifts of them onto the universal cover

are conjugate by I/IN/7 (Definition A.3.2).

3. Find the affine Weyl group in the extended affine Weyl group I/IA/;, thus deter-

mining the fundamental alcove (Section A.4).

4. Describe elements in the fundamental alcove that parametrize the real forms

(Lemma A.4.6).
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5. Give the classification of real forms in terms of labels of Kac diagrams (The-
orem A.5.3).
A.2  First properties of strong real forms

Let A:= H;” = {h € Hy|y(h) = h™'}. The identity component of H,” :=

{h € Hy|y(h) = h™'} is defined to be A. Then
Hy =TA, Hy = TA
Lemma A.2.1. After conjugation by G, we may assume
r=ux¢y, 9 €T

Proof. We first show that if x = xq7v is a real form, then zy has to be a semi-simple
element in G.

Let # = Ad(z). Keep in mind the fact:
Hf = Cen&g(T)

and 7 fixes every element in T.

For an element h € Hy, it is easy to see that 6(h) € Hy because for all ¢t € T
O(h)t = 0(ht) = 0(th) = t0(h)

Therefore 6(h) € Zg(T) = Hy.

On the other hand:

O(h) = 2od(h)zy ' = zohay' = h=0(z0)0(h)0(zo)”" Vh € H;
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These facts combined show that 6(z¢)~! € Normg(Hy), therefore §(zy") is of
finite order in Normg(H;)/Hy, i.e., a finite power of §(x,') is semi-simple, there-

! is semi-simple; see [11, Chapter 2] for omitted

fore O(x, ') is semi-simple, thus xy
arguments.

We claim that there exists a ~-stable Cartan H; of G such that xy is an
element of Hy;. We prove this claim now. Let IL be the identity component of
M = Centg(zp). Using simple algebra, it is easy to show (L) is the identity
component of Centg(y(xo)). We already know ~(zo) = x5'2?, 22 € Z(G). This

gives:

Y(M) = Centg(zy'2?) = Centg(wg) = M

It is not hard to see that the Levi L is y-stable, so we take the y-stable Cartan H;
in M, and then zy has to be contained in H;.

Write H; = TyA; where Ty := (H])o and A; := (H; ")o. We next show that
xo can be conjugated to an element in T;.

1o € H; can be written as xy = ta, since A? = A, (see the remark right after

this lemma); we take b € A, so that b*> = a~!, conjugate x with b:
bab™t = btadh = btay(b™')d = tab*s = taa 15 = t6

Since xy can be chosen to be in Ty, which is a torus in the identity component
of K := G”, z¢ can be then conjugated to an element in T by £ € K. Use k to
conjugate x:

kxk™ = kxodk™' = krgy(k™)8 = kxok™0

This completes the proof of the lemma. O

66



Remark 14. Given v a Cartan involution and H any v stable Cartan in G, we may

write H = (C*)® x (C*)? x (C* x C*)¢, where ~y acts trivially on the first a factors,

by inverse on the next b factors, and (s, t) = (t,s) on each of the last ¢ terms.
7(217 Tt 3R, Wiyttt W, ST, tl? T Se tc)

-1 —1
:(Zla"' yZa, Wy 0, Wy 7t17317"' 7tcasc>

H” = (21,--- P ol AR o3 B AT ST 20 IR ,tc,tc)
H™ = (:l:la 7j:17w17"' 7wb7t1_17t1at2_17t2"' t_l tc)

y Ve )

Take the identity components:
T = (Zla"' 7Za717"' 717t17t17t27t27"' ,tcatc)

A=, Lwy, - w, ty  t,ty et )

Yy Ye

Because A is a connected torus, it obvious that A% = A.

Definition A.2.1. Define the set of inequivalent normalizers W., of T+ in G to be:
W., = Normg(Tvy)/Centg(T)

Lemma A.2.2. The real forms in the inner class of 6 are parametrized by elements

x € Ty such that 2* € Z(G), modulo the action of W.,.

In order to express x using the root system A(G, Hy), it is natural to seek the
help of the Lie algebra t of T. In the next subsection, we are going to introduce
the universal cover E of T+, which is isomorphic to t once we picked an origin. The
problem of classifying real forms will be moved up to this affine space E.
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A.3 The universal cover

Definition A.3.1. [12, Chapter 1.1] An affine space E over a field F is a set on
which a F-vector space V acts faithfully and transitively. The elements of V' are
called translations of E, and the effect of a translation v € V on z € FE is written

x+v. lfy=x+v we write v =y — x.

Let m : E — T+ be the universal cover. It is an affine space with translations
t. Recall the construction of universal cover. We pick a base point, in this case let’s

say 7, the fibers over y € T in E are homotopy classes of paths from 7 to y.
E={z:0,1] = Ty|z(0) = 7}/ ~
m(x)=2z(1), Ve e E
The action of t on E is as follows: for X € t
(X 4 a)(r) =exp(2mirX) - a(r), Vrel0,1]

Pick an element 4 € E, where J(r) =+, Vr € [0, 1]. This gives an isomorphism

1%

t=F

X—X+7
Moreover, m(X + 7) = exp(2miX)d for an arbitrary element X + 7 € E.
Remark 15. The following is true by a well known property for universal covers:
for f : Ty — Ty a differentiable map, and for any points z,y € E such that
f(m(z)) = m(y) there exists a unique differentiable map f: E — E such that the
diagram
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commutes and f (x) = y. In this case we say f covers f. The group of covers of the

identity map is isomorphic to the fundamental group m(T7).
Definition A.3.2.
I/If7V = {w: E — EJw covers some w € W,}

Lemma A.3.1. The real forms in the inner class of v are parametrized by elements

x € E such that n(z)* € Z(G), modulo the action ofﬁy

Proof. 1t is clear that w(t;y) = tyy if and only if for any x, x5 where w(z;) = t;7y
there is a lift of w, call it w, such that w(z1) = z5. In other words, 7 : E — Ty
factors to a bijection:

E/W, < Ty/W,

This lemma is clearly equivalent to Lemma A.2.2 O]

A.4 The extended affine Weyl group I/IA//7

Let us first identify the elements in VIA/; that act by an affine Weyl group. More

specifically, the ones that fixes 7 and the ones that acts by a translation on E.

1. elements that fix 7:
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For an element w € I/IA//7 to fix 7, it has to be a lift from w, € W, which fixes
7, the notation w, means w,(ty) = gtyg~'. It’s easy to see, such g has to be

in K.

So Wik:= Normg(T)/Centg(T) is in bijection with the set of elements in V[A//7

that fix 7.

. elements that acts by translation:

Translations on E are of the form: X + (Y +7), where Y + 7 is an arbitrary
element in . Suppose translation by X € t is an element in MN/;, that means

it is a lift of some element w, € W, i.e.,
gyg = (X + Y, +7) =exp(2miX)ty VteT

where Y} is some element in t such that exp(27iY;) = ¢. It is not hard to see

that exp(2miX) is in ANT: let s = exp(2miX) € T

g ) =s=7¢")=g"s

gtyvg~t = gtv(g7 ")y = gtg 'sy = sgtg'y = sty = g € Centg(T) = Hy

Since Hy = TA, we can write g = t,a, with t;, € T, a, € A.
Yg™h) =gty =agtyt =g s =ag 'ty s = ag =5

In fact, each element in A N'T lifts to a translation on E, just take the square
root of that element in A to be the g in w,, since A and T are both closed

under taking square root.
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Therefore the set of pre-image of A NT under the map exp(2mi—) is the set

of translations on F.

We now describe these elements in terms of Weyl groups and roots/co-roots.
First, let’s fix some notations. Let A(G,Hy) be the set of roots of Hy in G, and
AY(G,Hy) be the set of co-roots. Let R(G,Hy)= (A(G,Hy)) be the root lattice,
and RY(G,Hy)= Z(AY(G,Hy)) be the co-root lattice.

The following lemma will be frequently used.

Lemma A.4.1. [13, Lemma 2.5] Let A..(G,Hy) be the subset of complex roots in

A(G,Hy). Suppose T € A(G,Hy), one of the following conditions hold:
(1) (T,v(7Y)) =0, and 77 + 7" = Y where f = 7| € A(K,T),
(2) (1,v(7V)) = =1, and 77 +y7¥ = Y where f =T + 77 € Ape

In (1) we have implicitly used the inclusions ¥ € AY(K,T) C X (T) C X.(Hy) =

RY(G,Hy).
Lemma A.4.2.

(X € flexp(2miX) € ANT} = RY U {%avla € Re short }
where Ry is the root lattice of A(K,T) and Ry is the coroot lattice.
Proof. 1t is clear that

{X e tjexp(2miX) €e ANT} ={X € t{exp(2miX) € A}

71



because X € t implies exp(27iX) € T. The following inclusions are also elementary

to prove.
1
{X e X € ker(exp)} C{X € tlexp(2miX) € A} C {§X|X € ker(exp), X € t}
The assumption that G is adjoint allows us to identify ker(exp) with Ry. Let

L={X € tjexp(2miX) € A}

Claim: 7Y € L < exp(2mivY) = exp(2mip") where y(u") = —p".

From the claim, we have ¥ € L & ¥ —p¥ € X, (Hy) & ¥ —p¥ =71,
some 7V € X, (Hy) (X.(Hy) is just RY(G,Hy) by the assumption that G is adjoint.)

Apply (1 + ) to both sides of ¥ — u¥ =7V, we get
1+ =01+y)7", 77 € RY(G,Hy)

Therefore for any a¥ € Ry, 0‘2—v €eL& (1+ v)% = (1 + )77, some 7" €
RV(G,Hf). I.e.,
o' =71V +~(rY), 7€ RY(G,Hy)
Let’s see which element in Ry are of the form 7 4 7V, 7 € RY(G,Hy). By
Lemma A.4.1, we can conclude (not including type As,) for 7 € A, (G,Hy), the

coroot corresponding to § = 7|t is of such form, i.e., {%/BVW € Ry short } is in L.

This completes the proof. n

Lemma A.4.3.

1 1
Ry U {Qav|a € Rk short } = TRK

where | is the square of the length of any short root.
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Proof. Because Ry only has two root lengths, for short roots ||a||? = [ and long

root ||B]|* = 2I, we can easily calculate
2 2
Ry = {T&|a € Ry short} U {2—f|5 € Ry long}

Therefore

1 1
Ry U {50"|a € Ry short } = {%m € R} = 7Ry
0

Definition A.4.1. Let W,;¢ be the group of displacements on E generated by the
Weyl group Wy and the translations t(%a), o € Ry, so that W,y is the semidirect

product of Wy and (5 Rx):
1
Waff = WK X t(jRK)
Remark 16. The specific action of Wy on ¢(7 Rk) is:
1 1
sat(jﬁ)sa = t(sa(jﬂ)) Va, 8 € Rk

The usual reflection on Ry is:

and on Ry:

2(570‘)a\/
(8,8)

The reflection on E is defined as follows [12, P2]:

Sa(ﬁv) = ﬁv -

so(z) =2 —a¥(x)Da = v — a(r)Da” =z — a(r)a”
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So for any element x € E:

5t (16)50(x) = 5t(35)(z — a(z)a’) = sa( 76+ 1 — a(x)a")

= %ﬁ +x—alr)a’ — a(%ﬂ +z—ar)a’)a’

= 1647 a()a’ ~ Ja(F)” — alz)a +a(r)a(”)a"

= %5 - %a(ﬁ)av —2a(z)a” + 2a(z)a” +x
1
= t(s0(75))(2)
The last step in detail:
1 a(f)  Blong | %P Blong
04(75) = =
a(tBY) B short % 3 short

! |, B TEReY Blong | sa(8Y) =sa(38) B long
75 - 04(75)04 = =

16V~ &8a¥ Bshort | sa(BY) = sa(28) 8 short

Lemma A.4.4. W,;s embeds in I/IA//V
Proof. For elements wy, € Wi, it maps to a unique lifting w;, € VIA/; which sends v to
7. For an element ¢(X) in 7R, it is the lifting of w, € W, where a® = exp(2miX)

(see the beginning of the section about elements that acts by translation). O

Proposition A.4.5. The fundamental alcove A of Wyss on E is bounded by the
hyperplanes of {ag,aq, -+ ,a;} where aq,--- , 0y are the simple roots in A(K,T),

and o is the highest short root in A(K,T).

(Oé(), %) 1=0
o; =

(a;,0) 1<i<l
note that (o, ¢) denotes an affine functional on E: (o, ¢)(X +7) = a(X) + c.
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Proof. Using the well developed theory in [12, Ch1-2] about affine Weyl groups, we

only need to recognize that

1
Was = Wk x j(Ruvg)V

by [12], the fundamental alcove is bounded by Ha,0),1 <@ < [ and H(_%%) where

¢ is the highest (long) root in Ry. The notation
Hia) = {2 € E|(a, c)(z) = 0}

denote the hyperplane of (a, c).

%

" is the highest short root in Rk, call that ag. ¢

V=ap = aj =¢. So

4y = Hi_gy 1y = H_2aq 1= H

l i

. The claim follows. ]

—040,%)
Lemma A.4.6. The real forms in the inner class of 0 are parametrized by elements

in the closure of the fundamental alcove v € A such that w(z)? € Z(G), modulo the

action of M/\//(S/Waff

A.5 Formula for strong real forms

The elements in the fundamental alcove A can be described using its vertices.

The vertices xq, - - - x; satisfy:

a simple calculation gives:



where 7, are the fundamental coweights of K with respect to T and

l
Qo = E m;oy
i=1

m; are the labels for simple roots, the default label for o is mg = 1. Note that

1

my;

Lemma A.5.1. We may parametrize A as

{Zl: Ai;] ZI:)\i =1,\ >0}
=0 i=0
equivalently, A can also be parametrized by
l 1
{(ao, -+, ar)|a; >0, iz;miai = 5}

Proof. We just need to construct a bijection between the two sets:

Given z = Zf;:o Nizi € A, let

~ : Ai .
a; = a;(x),Vi = a; = o, > 0,Vi
: 1 1
2 mia 2—25 A=
Given (ag, -+ ,a;) where a; > 0 and 22:0 m;a; = %, let
A = 2m;a;, Vi

and
l
=0

: T ! !
x is an element in A because ) ,_ A\ =Y ., 2mua; =1
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Lemma A.5.2. Let (ag,--- ,a;) be the parameter for X € A, 7(X)? € Z(G) if and

only if 2a; € Z V4.
Proof. X can be expressed as X = Zé:o \ix;, where \; = 2m;a;.

l
X:ZAiIi:(1—>\1—"'—)\l>$0+)\11‘1+"'+)\11‘l
=0

=Xy + )\1(.271 — .’Eo) + )\2(.172 — .To) + -+ )\l<.’131 — .170)

o >\1 Vi )\2 v >\l Vi ~
N 2m1’71 + 2m272 * * 2ml% +’7

! I
Ai ‘
7(X)?* = exp(27i E %7;/)2 = exp(2mi E 2a;7;) € Z(G)
i=1 7 i=1

if and only if Zizl 2a;7, € PV (the weight lattice) if and only if 2a; € Z, for i > 1.

Furthermore, 2a¢ € Z because

l
2aiEZ,W21:>ﬁeZ,Viz1:>)\Z»GZ,W2@':>)\O:1—Z/\Z-EZ

my; -
i=1
1
:>a0:Oor§:>2a0€Z

The lemma follows. O

Theorem A.5.3. The real forms in the inner class of 0 are parametrized by a node
with label m; = 1 in the extended Dynkin diagram with ag of A(K,T), the points in

E are of the form

the real forms are:

exp(mivy; )y i # 0
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modulo the action of Wy/Waff.

Proof. By the previous lemma, strong real forms are parametrized by

l
1
{(CL()’ .. 7al)|ai > 0,2a; € 7, ZOTnZa,Z = 5}

Since m; > 1 and m; € Z, the only possible value for m; to take so that the condition

holds is when m; = 1, a; = % and a; = 0,Vj # ¢. Therefore \; =1, \; =0,Vj # i.

l
=0
[

In order to make it more convenient for calculation, we want to express strong
real forms in term of information from A(G, Hy).

Let {&1,- -+ ,&,} be the set of simple roots in A(G,Hy), such that after ar-
ranging them we have {& |, ,&|r} as the set of simple roots in A(K,T). Let

{7, .7’} be the fundamental coweights of G with respect to Hjy.

Claim 2.
v AHvO) () #
vV __
n;, =
v Y(v') =

are the fundamental coweights of K with respect to T.

Proof. Let o; = &, i < L.

o) Glr(y) +7(v)) = &0 +v(%) () #
ai\1; ) =

Gilr () = &) 1(0f) =
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We know that « acts on the set of simple roots {¢;}, therefore it acts on the set of
fundamental coweights {7,'}. Moreover, if 7 doesn’t fix &;,7 < [, then it sends it to
§j,7 > 1. Soif j # i and y(v;') # 7/ then y(vf) = v/ with k > [ and k # 4. Simple

reasonings like this would show that
ai(n]) = d;
therefore completing the proof. O
Theorem A.5.3 in terms of the root information of G is:

Theorem A.5.4. The real forms in the inner class of v are parametrized by a node
with label m; = 1 in the extended Dynkin diagram with og being the highest short

root of A(K,T), the real forms are:

p

Y 1=0

v =m(2i) =\ exp(mi(yY + 7))y i # 0,7() # Y

exp(miy; )y i #0,7(y) =7

\

modulo the action of W\_:Y/Waff.

The following is a list of real forms, Dynkin diagram of G with respect to Hj
and extended dynkin diagram of K with respect to T. The symbol ~~ means fold
the diagram according the the non-trivial diagram automorphism indicated by the

arrows.
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O—O—O ..................
gl 52 53 fn—l gn €TL+1 6271—3 5271—2 €2n—1
Qp 1 i
O\\
C, 1 2 2 2 1
O—O0—0 0=<=0
aq 0% (0% ] On—1  Qp
(
~ pick ag, represent sl (H)
L= exp(mi(yy +v5,-1))y pick a1, represent sl,(H)
exp(miy, )y pick a,, represent sly,(R)
\
D,
Q Q Q Q Q Q Ent
..... —O— O—O n
51 52 63 gp £n73 £n72
&n
Bn—l i
1 1 1 1 1 1 1 1
0=z O—O0—0 —O—— O——O0=—==0
Qo Q1 o%) (0%} Op Qp—3 Qp_2 Qp_1
4
v pick o, represent 50; 9,1
r = exp(mi, )y pick o, 1 < p <n—1, represent 05,41 2(—p)—1
exp(mi(y,_1 + 7))y pick a,_1, represent 50, 11
\
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v pick oy, represent the split real form

exp(miyy )y  pick g, represent Fg(F))

Appendix B: Correction of Table in [1]

There is no known list of errata for the book “Lie Groups and Algebraic
Groups” by Onishchik and Vinberg [1]. This appendix is a correction to the table
of indicators on page 292 of this book. We will give the correction of the table,
followed by detailed calculation of relevant indicators. Also, the formula on page

291 of [1] is a special case of Theorem 4.4.2.
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g d(p(M))

SUE 2p—k (_1)(1“7"‘1)]?/\;;—1
u; (H) (—1)MtAstthopya)
51, (H) T—

$502k—1,2(1—k)+1 (—1) (k+1)+(1=1)(1-2)/2)(Ar—1+Ar)

5092k 2(1—k)+1 (—1)HI=1)/2)A,

502k,2(2p—k) (—1)(kFP)(Azp-1+A2)

SPi 1k (—1)AtAstFhs a1y

EVI (_1)A1+A3+A7

Table 1: Original Table
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u;‘(H) (l > 4) (_1)A1+A3+~--+A2U/2J—1

ﬁ[p(H) (p > 3) (—1)A1+A3+'--+A2p,1

(_1)(k+1(1—1)/2)(A171+A1)

502k,2(1—k)+1 (—1)(H10+1)/2) A

(1>3,2<k<l)

509k 2(2p—k) (— 1)(k+p)(A2p71+A2p)

(p>2,2<k<p)

Ar+Az+-tA _
Pk k (—1)hris 207211

(1>2,1<k<|l/2])

EVI (_1)A1+A3+A7

Table 2: Corrected Table

Bold font marks the corrections. Some bounds on the index of the real forms
are also added to the table, for without them there are apparent contradictions.
For example the indicators of the same representations of so3 5 and so53 would be
different.

The notation g here denotes a real form of a simple complex Lie algebra. p(A)
is an irreducible complex representation of g with highest weight A such that p = p.

A well known fact is that A can be written as a linear combination of fundamental
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representations with coefficient of the i** fundamental representation A;.
Now we give the detailed calculation for the corrected terms and an unequal
rank case. They serve as a sample, if the reader wants to verify the rest, the same

method applies.

B.1 SUk op—k

We will list some structural facts about this Lie algebra and then apply the

formula in Theorem 4.4.2 or Theorem 4.5.5 to compute the d-indicator.
e Complexification: sly,(C)
o Type: Ay, 1

e Kac diagram:

&1 3 &3 -1 & & Sop-3 Sp2 Eop1

Type of maximal compact: Ax_1 @ Agp_1_ & C

Suy 9,k 1S equal rank

Conjugate of fundamental representations: p; = pa,—i

Self-conjugate fundamental representations: p,
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Strong real form: x = exp(mivy)

Fundamental weights:

ko
’Yk:”ﬁj:(ﬁ"“'fk)—z—p ‘ €5
7j=1
e Half sum of positive co-roots:
20" =(2p—1)e1+ (2p—3)ea+ (2p — B)es + -+ — (2p — 3)egp—1 — (2p — 1)eg,

Compute (p,):

6(1013) - pr(x2>5(pp) e (_1)'7P'(2’Y]\€/+2pV)

2p 2p
k
Y2 = (et 6 E: 2(er + - +ek—2—pj§:1 )

k
=%k —k—k+— -2p=k
229

1
fyp'2p\/:(61+---ep—§ e] (2p—Der+---—(2p — 1)egp)
p—1 1 2p—1
=p2p -1 =2 j— 52—+
=1 =1

=p(2p—1)—plp—1) =p’

5(py) = (—1)F7

e Conclusion: §(p(A)) = (—1)(k+P2)Ap
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B.2  s09p_120-k)+1
e Complexification: s09(C)
e Type: D

e Kac diagram

1 1 1 1 1 1 1 1
O= <: ----- — e e O_O#O
Qg aq %) a3 A1 Op_3 Qp_2 Op_q

(zs0<k<|'20)

Type of maximal compact: By_1 @ Bj_g

® 502k—1,2(l—k)+1 is NOT equal rank

e Conjugates of fundamental representations: p; = p; for 1 < ¢ < [ —2 and
o1 = p if 1 =0(2), pi—1 and p; are self-conjugate if [ = 1(2)

e Dual of fundamental representations: p/ = p; for 1 <i <[ —2 and p/ | = p
if | = 1(2), pi—1 and p; are self-dual if [ = 0(2).

e Self-conjugate fundamental representations: p; for 1 <1 <[ —2, p,_; and p;
if 1 =1(2)

e Hermitian fundamental representations: p; for 1 <¢ <[ —2

e Formulas for the d-indicators:
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For Hermitian representation p;:

5(pi) = (_1)%(2w,j+2pv)

For non-Hermitian representation p;:

8(pi) = Xp,(2°)e(ps)

See Theorem 4.5.5. According to [9], £(p;) = x,,(C?), where C' is the strong
real form associated to the split real form. We can look up the table in [1] for

the split form. In this case

C= eXP(WW(vl—l)ﬂ)éf C? = eXP(QWW(vl—l)n)

Therefore

5(/%‘) _ (_1)%(27,X+27(vl,1)/2)

Strong real form: z = exp(miv))d; See Theorem A.5.4
Fundamental (co)weights:

Vv . Vv 1
YVe=F =€+ 1<i<1-2 N1 = Vo1 = §(€1+62+- a1 —€)

v 1
Y=Y :§(€1+62+"'+6l)
Half sum of positive co-roots:
2p" =2(1 —1)eg +2(1 —2)ea + -+ + 264

Compute 6(p;):
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For 1 <i<1—2: §(p;) = (—1)nCw+2")

v:(2)) = 2min(i, k)
Yi(2pY) = (€14 - +€) (2(1—1)er+- - +2¢1) = 2(I—1+- - -+1—i) = 2li—(i+1)i
§(pi) =1 1<i<l—2

Fori=1l—1lori=1and l=1(2), 0(p;) = (—1)%(2%*2%71)/2)

’Yi(Q’Yl\c/) =k

1
%(Q’Y(Vl—1)/2) = 5(61 +oaor—6) - (2(0—1)er + -+ 4 264)

I(1—1)
2

1(1—1)

S(pir) = 8(p) = (—1) 5

—l—14l—24-+1=

e Conclusion:

5(p(A)) = (—1)*+ T A+A)

B.3 509, 20-k)41
e Complexification: s09;,1(C)
e Type: By

e Kac diagram:

Qp 1]
O\\
1 2 2 2 2 1
O—O0—0 - @ - O==0
aq 9 (0% (073 (7] (07]

(1>32<k<l—1)
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Type of maximal compact: Dy & B;_

$09% 2(1—k)+1 18 equal rank

Conjugates of fundamental representations: p; = p;
Self-conjugate fundamental representations: p;, V1 <1 <
Strong real form: x = exp(miy))

Fundamental co-weights:

’y,X:ele---ek 1<k<]

Fundamental weights:
. 1
=€+ 1<i<l] 71:5(614_..._’_@)

Half sum of positive co-roots:

2p" = 2le; + (21 — 2)en + -+ + de_1 + 2¢

Compute 6(p;):
3(pi) = Xpi(2%)e(pi) = (—1)P 0 +207)
For1<i<l
pi(20) = (61 + - €) 26+ ) = 2mini, k)
pi(20") = (61 + - €)(2ler + 21— ey + -+ + 26)

i(i— 1)

=211 =1 1=24 -l = (i = 1)) = 2(il — =
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§(pi) = (_1)2min(i,k)+2ilfi(i,1) _ 1

Forv=1
v 1
Pl(z%):§(€1+"'+6z)'2(61+---+ek):k:

1
p(2pY) = 5(61 +ootq) - (2leg +2(1— 1)eg + -+ - + 2¢))

(I+ 1)l
2

=l+l—-14+1-24+---+1=

() = (=150

e Conclusion: 6(p(A)) = (—1)FFH/2)A
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Part 11

A Comment on the Local Langlands Correspondence of GL(2, F))
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Chapter 0: Introduction

In this part, we are going to spell out the construction of the local Langlands
correspondence of GL(2, F'). Although this is done in [14] and various other places,
we give a treatment that is easier to understand and only requires comparatively
more elementary tools.

What’s new here is that by looking into the construction from a more elemen-
tary perspective, we are able to provide less complicated proofs for some facts. For
example, in [14], in order to prove the fact that the Langlands correspondence is
independent of ¢ (Theorem 3.0.6), they invoked the local constant. Here we prove
it directly from properties of the Weil representation.

Throughout this part, F’ will denote a non-Archimedean local field with charac-
teristic 0. The Weil group of F' will be denoted Wpg. The local Langlands conjecture

says there exists a unique bijection between the set Go(F'), defined to be:

Gy (F) := {2-dim, semi-simple Deligne representations of the Weil group Wg}/ ~

and the set Aq(F'), defined to be:

Ay (F) := {irreducible smooth representations of GL(2, F')}/ ~

with certain properties:
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Definition 0.0.1. [Local Langlands Conjecture] There is a unique bijection
7 Go(F) — Ax(F)

such that
L(x(m(p)),s) = L(x ® p, s) (1)
e(x(m(p)),s,¥) = e(x ® p, s, ¢) (2)

for all p € Go(F) and all characters x of F* and all ¢ € F, o #1.

Here L(m,s) is the L-function and €(m, s, 1) is the local-constant [14], and
XT =7 ® (x odet)

We have the following decomposition:

G9(F) = {irreducible, 2-dim, semi-simple Deligne representation of Wg}

G5 (F) = {reducible, 2-dim, semi-simple Deligne representations of Wy}

G2(F) = G3(F) U Gy(F).
Aj(F) = {irreducible cuspidal smooth representations of GL(2, F)}

Aj(F) = {irreducible non-cuspidal smooth representations of GL(2, F')}

Ax(F) = A3(F) U A(F).

Proposition 0.0.1. [14, P213] Any map 7 satisfying equation (1) and (2) must
take G3(F) to AS(F) and GY(F) to AS(F).
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The map

wl: 9§(F) — A%(F)

is clearly presented in [14, P213].

The heart of the matter is therefore to construct map:

7 GY(F) — AS(F)

There is more than one way to construct this map. Here, we will be using
the theta correspondence. This construction is given in a more complicated manner

in [14]. Here is a simplified version given by the following diagram:

Theorem1.0.1 Ol g1
po —— (E/F,0) 0
local Langlands correspondence theta correspondence

J

M T T
© induction O extension 0.9

The process goes clockwise beginning at pg € G9(F).

1. G5(F) 3 pe — (E/F,0) € P(F) (Definition 1.0.3), this map is described in

Theorem 1.0.1.

2. P(F) > (E/F,0) — 0 := O|g1, here E' is the norm 1 elements in F and

E'>= SO(2,F). E is a tamely ramified quadratic field extension of F.

3. 55(2, F)s0—m, € S/’E(Q, F). This map is produced by (some modification
of) the theta correspondence. Note that my, is dependent on an additive

character 1.
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4. SL(2,F) > Toy > To € GL(2,F). The representation e is obtained by
extending 7y, and then inducing the extended representation. Note that mg

is independent of .

The core of the construction is to use the theta correspondence for the dual
pair (O(2, F), Sp(2, F)) in Sp(4, F). This allows us to get a representation mp, of
Sp(2, F) = SL(2, F) from . Note that the dual pair correspondence depends on 1.

Since the Langlands correspondence should not involve ¢, naturally we would
like to prove that the representation mg is independent of ¢. Bushnell and Henniart
[14] used the local constant to prove this fact. Here we derive this fact directly from
properties of the Weil representation. In addition, the irreducibility of mg is also

naturally built in.

Chapter 1: Admissible Pairs

Most of the content in this section is from [14].
Consider a pair (E/F,x), where E/F is a tamely ramified quadratic field

extension and y is a character of E*.

Definition 1.0.1. The pair (E/F, x) is called admissible if:
1. x does not factor through the norm map Ng/p : E* — F* and,
2. if x|Uy, does factor through Ng,p, then E/F is unramified.
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Here U}, = 1 + p where p is the maximal ideal of the discrete valuation ring in E.

Definition 1.0.2. [14, P127] Admissible pairs (E/F,x), (E'/F, ') are said to be
F-isomorphic if there is an F-isomorphism j : £ — E’ such that x = x’ o j. In the

case E = E’', this amounts to X' = x7, 0 € Gal(E/F).

Definition 1.0.3. Define P(F') to be the F-isomorphism classes of admissible pairs
(E/F,X)-

Theorem 1.0.1. [1/] There is a bijection P(F) <+ GY(F).

Here’s how the map is constructed.
If (E/F,x) is an admissible pair, then y can be viewed as a character of the
Weil group Wg by composing with the Artin map: ag : W(E) — E*. We know

that W(F) is an index two subgroup in W(F'), we can induce x:

W(F
Px = IndWEng

This induced representation is irreducible by Clifford theory, since x not factoring
through Ng,p is equivalent to the fact that x # x7, and the Artin map is Gal(E/F)-
equivalent.

The proof of the bijectivity of this map is given in [14].
Remark 17. The admissible pairs P(F) also parametrize Aj5(F), and it can therefore
give a bijection between G9(F) and AS(F), but it is well known that this map does
not satisfy equation (1) and (2).

There are various ways to define the correct correspondence. [14] does this
in Chapter 9. But it is not the optimal perspective in terms of understanding
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the construction. We will explain the construction in a more understandable way.
Starting in the next section, we will introduce the basics of the theory of theta

COI'I'GSpODdeHCG.

Chapter 2: The Theta Correspondence

We are going to explain the theory of theta correspondence in the generality
that suits the purpose of this thesis. First of all, we define a basic ingredient of the
theta correspondence: a reductive dual pair (G,G") in Sp(W). Then we will present
the Schrodinger Model of the Weil representation of the Metaplectic group Mp(WW).
The restriction of the Weil representation to the direct product of the lifts Gx G
gives the theta correspondence between representations of G and G'. We apply this
to O(E) x Sp(2, F).

Most of the material and detailed proofs in this section can be found in [15], [16]

and [17].

2.1 Reductive Dual Pair

Definition 2.1.1. A Reductive dual pair is a pair of subgroups (G, G’) in the sym-

plectic group Sp(W) such that:

1. G is the centralizer of G’ in Sp(W), and G’ is the centralizer of G in Sp(WV).

2. the actions of G and G’ are completely reducible on W, i.e., any G-invariant
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subspace of W has a G-invariant complement; similarly for G'.

What we will be using is a specific kind of dual pair. Let V and W be finite
dimensional vector spaces over F'; V' is equipped with a non-degenerate symmetric
bilinear form (, ); and W is equipped with a non-degenerate skew-symmetric bilinear
form (,). Necessarily dim(WW) has to be even.

Define W = V @ W with symplectic form ((,)) = (,) ® (,). This makes the

pair (O(V), Sp(W)) a reductive dual pair in Sp(W).

2.2 Weil Representation and the Schrodinger Model

Throughout this section W is a symplectic vector space with non-degenerate

0 I
symplectic bilinear form (, ) represented by . Fix X and Y two transversal

-1 0

Lagrangian subspaces of W.

Definition 2.2.1. The Heisenberg group H(W') is a non-trivial extension of W by

F. Tt is defined to be the group of pairs
{(w,t) |we W,te F}
with multiplication law:
1
(wy,t1) - (wo,t2) = (w1 +wa, t1 + 13 + §<w1,w2>)
Thus H (W) fits in the exact sequence

0=>Z—>HW)—>W =0

where Z = {(0,¢) | t € F} = F' is the center of H(W).
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The irreducible unitary representations of H (W) are classified by their central

characters.

Theorem 2.2.1 (Stone-von Neumann). The Heisenberg group H(W) has a unique
(up to unitary equivalence) irreducible unitary representation py with central char-

acter 1.

The proof is given in [18].

These representations can be realized on the Schwartz space & =S(X), the
space of locally constant compactly supported complex valued functions on X. We
will now give a construction of (py,S). Here we follow [15] very closely.

Let H(Y) 2 Y @ Z be the abelian subgroup of the Heisenberg group associated
to Y in W. Thus H(Y') is a maximal abelian subgroup of H(W). The character ¢

of Z has a unique extension 1y to H(Y'), given by 1y (y,t) = ¥ (t). Let
Sy = Indgiy) iy

be the representation of H(W') obtained from the character 1)y by smooth induction.

By definition:
Sy ={f: HW) = C| f(huh) = ¢y (h1) - f(h),Yhi € H(Y),h € H(W)
and there is an open subgroup L C W such that f(h(u,0)) = f(h) for all u € L}.
Then H(W) acts on Sy by right translation, in particular, Z acts by the following:
(0,1) - f(h) = f(h-(0,8)) = f((0,) - h) = ¥y ((0,2)) f(h) = ¥(¢) f(h)

Thus the central character is 1. Denote this action of H(W) on Sy as py.
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Since W = X + Y is a complete polarization of W, we have the following

isomorphism:

given by f — ¢, p(z) = f((,0)).
Lemma 2.2.2. The resulting action of H(W') on S is given by:
1
pol(z +y,1)) - p(z0) = ¥(t+ (2o, y) + 5 {z,y)) - (a0 + 2)

Now, we will explain how the representations of H (W) give rise to a projective
representation of Sp(W) = {g € GL(W) | (w1g,w29) = (wy, ws)}.

The group Sp(W) acts on H(W) naturally:
g (w,t) = (wg,t), g€ Sp(W)
therefore acts on the representation py:
9+ py = py, where pi((w, 1)) = py(g - (w, 1)) = py(wy, )

It is easy to check that p% still has central character ¢). By Theorem 2.2.1, we know

Py = pi, therefore g gives rise to T(g) : S — S such that the following diagram

commutes:
T(g)
S—S
Py h h Py,
T(g)
S—S

The intertwining operator 7'(g) is unique up to scalar in C*, so the map

g—T(g)
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defines a projective representation of Sp(WW) on S, i.e., a homomorphism
Sp(W) — GL(S)/C*

We also present a realization of this projective representation based on the previous
realization of py on S.
Consider W with the complete polarization we have fixed in the beginning of

this section: W = X 4+ Y; we can write g € Sp(W) as

A B
g:
C D

where A € End(A), B € Hom(X,Y), C € Hom(Y, X) and D € End(Y').
Definition 2.2.2. [15] The standard Segal-Shale- Weil representation wy, of Sp(W)
is realized on S:
(wu(g) - ¢)(2)

= /k oy Y (l(xA +yC,zB) + %(yC, xB + yD>> o(zA+yC) dpg(y)

2
dyig(y) is the unique Haar measure on (Y ¢ ' NY)\Y, hence on (ker C')\Y, such that

wy(g) preserves the L? norm on S.

Remark 18. Note that this construction depends on the character ¢ of ' and the

symplectic basis we chose. For detailed calculations, see [19] and [15].

This realization determines a cocycle, i.e., a map ¢ : Sp(W) x Sp(W) — C*:

wy(9192) = (g1, g2)wy(91)wy (g2)

satisfying the cocycle condition:

c(g1, 92)c(9192, 93) = (g1, 9293)c(g2, g3)
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Theorem 2.2.3. The cocycle ¢ can be explicitly calculated and normalized such
that it is £1 valued. More specifically, we can find normalizing constant m(g) such
that the cocycle ¢ associated to the projective representation wy, := m(g)wy(g) is 1

valued.

Remark 19. In order to avoid putting heavy notations in this section, we will present

explicit formulas for m(g) and the normalized cocycle in the Appendix.

Definition 2.2.3 (Weil representation). The projective representation gives rise to
an ordinary representation of the two-fold covering space of Sp(W); it is called the

Weil representation.

Definition 2.2.4 (Schrédinger Model).
Mp(W) ={(g,€) | g € Sp(W), e = +1}
with group multiplication
(91, €) - (92,0) = (9192, €6¢(g1, 92))
is the Metaplectic group and the representation of Mp(W) on S
Wy(g,€) = € wy,
is called the Schrodinger model of the Weil representation.

One property of the Weil representation we obtain from construction is the

following:
Corollary 2.2.4. [17, 1.11]

Wy = Dy, & st € (FX)?
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2.3 Theta Correspondence

The foundation of the theory is due to Howe.

We will start with a brief introduction to the general theory, then specialize
to the case we are interested in. Here we follow [15] closely.

Let (G,G") be a dual pair in Sp(W), G and G be the inverse images of G and

G’ in Mp(W).

Lemma 2.3.1. [18, Lemma 2.5] If two elements in Sp(W') commute then their

arbitrary lifts in Mp(W) also commute.

Therefore, we have a natural homomorphism:
j:Gx G — Mp(W)

hence we can consider the pull back of the Weil representation to G x a, namely
Wy © j; by abuse of notation we denote this representation .

The basic idea of the theta correspondence is that the Weil representation of
Mp(W) is very “small”; its restriction to G x G’ should decompose into irreducibles
in a reasonable way.

Suppose 7 is an irreducible admissible representation of G. Let S () be the
maximal quotient of S on which G acts as a multiple of 7. By [18, Chapter 2|, there

is a smooth representation O, () of G’ such that
S(m) = m @ Oy(m)

and O, () is unique up to isomorphism.
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Theorem 2.3.2 (Howe Duality Principle). For any irreducible admissible represen-

tation ™ of G

1. Either ©y(m) = 0 or ©y(m) is an admissible representation of G' of finite

length.

2. If ©y(m) # 0, there is a unique G’ invariant submodule Oy, (1) such that the

quotient
Oy(7) = Oy () /O ()

15 1rreducible.
3. If 04(m1) and Oy (ms) are nonzero and isomorphic, then m = ms.

Definition 2.3.1 (Theta Correspondence). Let
Howew(é,a) = {7 e rr(G) | Oy (7) # 0}

be the set of (up to isomorphism) irreducible admissible representations of G. The
map:

T Oy ()
defines a bijection:
Howe, (G, ) > Howew(bv’, Q)

this bijection is referred to as the local theta correspondence.

We now specialize to the case we are interested in:
Let E = F(§) be a tamely ramified quadratic field extension of F, § =
VA, A€ F*/(F*)2 The field E can be viewed as a 2-dimensional vector space
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over F' with symmetric bilinear form induced by the norm map:

N(ag + azd) = af — Aaj

10
with the basis: {1,d}, the form is represented by
0 —A
Let W be a 2-dimensional symplectic vector space over F' with basis wq, ws
0 1
and skew-symmetric form (after choosing basis) represented by
-1 0

Consider W = W @ V with basis {z1 == w1 ® 1,29 = w; ® —%(5, Y1 =

wy ® 1,y := wy ® §}; the skew-symmetric bilinear form is represented by

0 0 10
0 0 01
-1 0 0 0
0 -1 0 0

Let B' = {a € E | N(a) = 1}. E' acts on E by multiplication on the left;

it’s easy to check that F' = SO(FE) by map:

ap Qg
a1 + 0625 —
OéQA (05)

and note that Sp(2) = SL(2, F'). By the theta correspondence and the Schrodinger

model of Weil representation, we have the following result:

Theorem 2.3.3. Suppose 0 is a reqular character of E*. The corresponding irre-

ducible representation o, of SL(2, F') on the space S(E)g = {p € S(E) | p(a-p) =
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O(u)p(a), Yu € EY, Ya € E} is described as follows:

a 0
o,y p(a) = (a,A) - [a] - p(ac)
0 at
10
o, pla) =1(b- N(a)) - ()
0 1
0 1
9.4 () =v(AP)p(a)
-1 0

where p = [, ¥p(za”)p(2) dz is the o-twisted Fourier transform. See the Appendiz
for definitions of v and (a,A).

Proof. 1t is well known that the Metaplectic cover Mp(4) splits over SO(2). It also
splits over SL(2, F') because the orthogonal vector space V has even dimension.
Let’s first describe the explicit embedding of SO(2) 2 E' in O(E) and SL(2, F) in

ﬁ(Z, F). Define:

b b

t u a b —% as —ZT —Zs
X —

r s c d c  —Acu dt du

cr  —Acs dr ds

For the convenience of future reference, we also write down the embeddings:

L O(E) x 1 — Sp(4)
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t u 10 —%sOO
X —

r s 01 0 0 t u

0 0 r s

a O b 0

10 a b 0 a 0 -2

X —>
0 1 c d c 0 d 0
0 —Ac 0 d
The embedding E! < O(E) is:
ap Qg ap Qy
a1 + 0425 — — L( )a 1

as\ o asA oy

It is a straightforward calculation that this is a group homomorphism given the

formulas in [19].

To obtain the embedding SL(2, F) < SL(2, F), we look at [20]:

c(u(g1),t(g2)) = By (9192)Bv(91) " Bv(g2) ™"

where

m = dimV, g is in the j-th cell P7;P.

The embedding s : SL(2, F') — SL(2, F)) is defined as follows:

s(g9) = (t(g), m(e(9)) " Br(9))
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It is easily verified that this is a group homomorphism. One important thing to

verify is that m(:(g)) '8y (g) takes 1 value. Further calculation shows:

a b a b

s = | ), (a, A)
0 at 0 a!
0 1 0 1

S = L( )7(_17A)
-1 0 -1 0

generate this embedding.
It is an elementary consequence of the theory of the theta correspondence that

the restriction w, to SO(2) x SL(2, F) can be written as direct sum:

Z 91 X 5
where 6; is a character of SO(2), and 7; is an irreducible representation of SL(2, F').

Let’s first determine the irreducible subspace on which SO(2) acts with the

character 0, i.e., the #-isotypic:
S(E)o ={p € S(E) | p(a- p) = 0(n)¢(a), Yu € E', Va € E}

The way SL(2, F) acts on S(FE)g is completely determined by the embedding s and

the Weil representation wy:

Formulas for the Schrodinger model of wy, is given in the Appendix. The Theorem

then follows by simple calculation.
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Remark 20. Notice that this correspondence is 2-to-1, because # and 67 both cor-
responds to isomorphic SL(2, F') representations. Fortunately, this won’t get in the
way of constructing the Langlands correspondence, since later we will be using the
full information of © to construct a representation of GL(2,F). © and ©7 will

correspond to different representations of GL(2, F).

Chapter 3: The Langlands Correspondence

Let (E/F,0©) be an admissible pair. We have constructed an irreducible rep-
resentation 7y, of SL(2, F'); now we would like to inflate this representation to a

representation of GL(2, F) by inflating step by step through the following inclusions:
SL(2,F) C GL(2,F)s C GL(2,F)n C GL(2, F).

Definition 3.0.1. Define

where

z 0
Z = |z e F*

0 x

In other words, GL(2,F), = {g € GL(2, F) | det(g) € (F*)*}

To extend 7y 4, we need to know a little more about the Langlands correspon-

dence.
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Proposition 3.0.1. [14, Proposition 33.4] If ™ is the Langlands correspondence

in Definition 0.0.1, then for p € G5(F) and ™ = mw(p), xx = detp. Here x5 is the

central character of .

Lemma 3.0.2.

det po = Kk ® O|p

where k(z) = (z,A), po = ]ndxg@

These conditions impose some constraint on how we may extend the represen-

tation to GL(2, F'),. We are required to define:

Definition 3.0.2.

is an irreducible representation of GL(2, F'), on S(E)y.

Next we pass from GL(2, F'), to GL(2, F)x.

Definition 3.0.3.

GL(2,F)y ={g € GL(2,F) | det(g9) € N(E™)}

v 0
GL(2,F)y is generated by the group GL(2,F), and N(E*) = { \
01
v 0
v € N(E*)}. Let’s extend the representation to . Let mo, denote the
01
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representation of GL(2, F')n extended from 7(©,1),. For consistency, mg . has to

satisfy:

v 0 v 0 7?0
Ty : ~p(a) =7(0, 1), - p(a)
0 1 01 0 1

Here ¢ € E is defined by N(¢) = .

Definition 3.0.4.

0 1
rou ||| p@) =00 1l - plo(C)a), vy € N(EX)
0 1
z 0
O () = (2, A)O(z)p(a), Vo e F*
0 =z

together with the action of SL(2, F') via my,, defines a representation of GL(2, F')x.

Remark 21. This extension is independent of the choice of ( since if we choose

another element with norm «, it is going to be of the form (u, p € E*.

Oy Ze(a(Q)a(m)a) = O(Q)0(1)[120(a (1)p(o(()e)
= OO () Y2 ¢(a(C)er) = O |2 (o (¢)er)
Finally, we would like to obtain an irreducible representation of GL(2, F) from
Teo.. Since GL(2, F)y is an index 2 subgroup of GL(2, F), we would like to induce

Toy. Note that the non-trivial coset of GL(2, F))y in GL(2, F) is represented by

n 0
matrix , where n € F*\N(E*).

01
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Lemma 3.0.3. Fort e F*, m , = myy,.

Here 7r§7¢ is defined as

ﬂ-éﬂl} (A) = T (TATil)

t 0

where T = and Yy («) = (ta). This lemma is easy to prove from the
01

formulas.

Lemma 3.0.4.

gﬂ'gwt tGN(EX)
URY 18

ZE oy tENEY)
The fact mpy = mpy, when ¢t € N(EX) is easy to prove from the formulas
by writing down an explicit intertwining operator, while the second part can be
observed from the difference in their character formulas. Such character formulas

are presented in [21].

Proposition 3.0.5.

gﬂ@’wt tEN(EX)
O 18

£ oy t¢ N(EX)

This is an elementary consequence of the previous lemmas.

Definition 3.0.5.

1 GL(2,F)
To = IndGL(zF)NW@,w

Theorem 3.0.6. 7g is irreducible and independent of 1.
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Proof. GL(2,F)y is an index 2 subgroup in GL(2,F). By Clifford theory, the
induced representation mg is irreducible if and only if WZW is not isomorphic to
Top. 1 is not in N(E*) by definition, therefore Proposition 3.0.5 implies mg is
irreducible.

GL

To prove the independence of v, we only need to consider Ind ng’F)

2.y Tep and

IndgﬁgngW@,%. Note the representation Indgﬁ;?;NW@,w restricted to GL(2, F)n

decomposes into g, B T »- By Frobenius reciprocity we have:
GL(2,F) ~ 1. 1GL(2,F)
IndG’L(2,F)N7T97w = IndG’L(2,F)N7revwn
hence the independence of . ]

Now we have paved most of our way towards the Langlands correspondence.

We will state a partial correspondence theorem.

Definition 3.0.6. Let p € G5(F); one say that p is imprimitive if there exists a
separable quadratic extension £/F and a character { of E* such that p = Indg/r¢.

Let GY™(F) denote the set of imprimitive equivalence classes p € G5(F).

Theorem 3.0.7. [1/, 40.1]
pPo — (E/F, @) = To
is a bijection GY"(F) « AY(F) and it satisfies Equation 2 and Equation 1.

The proof of this theorem can be found in [14] section 39. One only need to
make the observation that mg ., = &,.(0,), the latter notation is from [14]. The
intertwining operator is presented in [14, 39.2].
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Remark 22. When the residual characteristic of F' is odd, we have G5 (F) = G5(F).
If p = 2, we have G5 (F) € GY(F), in which case the theorem only provides a partial

COI'I'GSpODdeHCG.

Appendix C: Formulas for Cocycles

In this section, W is a symplectic vector space with skew-symmetric bilinear
form (,), X and Y are two transversal Lagrangian subspaces of W. Sp(WV) has

Bruhat decomposition Sp(W) = PQP where P is the stablizer of Y, {2 is the Weyl

group.
Theorem 3.0.8. [19, Theorem/.1]
. 1
c(g1, g2) = Weil index of w +— w(§<w,w “p))
where the isometry class of p is given by the Leray invariant ¢(Y,Y g5 ', Y g1)

Lemma 3.0.9. [19, Lemmab.1] There exists unique map [ : Sp(W) — F*/(F*)?

such that the following holds:

(i) f(prgp2) = f(p1)f(9)f(g2) Vpi,p2 € P

(i1) f(1s) =1 for all subsets S C {1,2,--- ,n}

(ii) f(p) = det(ply)(F*)* Vpe P
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Moreover, such a function is uniquely defined by

f(p17sp2) = det(p1p2|Y)(FX)2
See [19, P345] for the definition of 7g.

Definition 3.0.7. Define the normalizing constant

1 1

m(g) =vr(f(9), 51/))_1 (7F(§¢)) K

for g € Q;PrgP with j = |9], ’}/F(%Q/J) is the Weil index of a — $9(a?), yp(a,¢) =

Y (Va) [7r ().

Theorem 3.0.10. [19, P364] If dim W = 2, then
&(g192) = (f(g1); f(92))(—=f(91) [ (g2), f(9192))
a b d(FX)2 c=0

f: —
c d C(FX)Q C#O

Theorem 3.0.11. Here are the explicit formulas for the Weil representation w, of

115



A0 1(3¢)

Wy €| pla) [det Al2p(a - A)
0 tA—l (d tA- 2¢)
I B

Wy e (@)= 5z, 2 B) ) p(2)
. (gt m)

@y (Tay,€) - pla) =€ 7(%10)‘1 oy Y(—bran)p(—bia1 + agwa)dpy(by)

Wy (7{2}76) ~p(z) =e- 7(%%0)_1 . Y(—bac) (o1 — baxa)dpug (o)

@y (T, €) - p(x) = /w o, y))e(y)dig(y)

1p{0} = |det ply| "/

Y = spanc{y:}, y € Y is represented by coordinates (by, by) with basis {y1,ya}.

o € E is represented by coordinates (a1, as) with basis {1, —x6}
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